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Preface

This short monograph is a spin-off of the author’s “Fractional Differentiation
Inequalities,” a research monograph published by Springer, New York, 2009. It
continues and complements the earlier book to various interesting and important
directions.

In this short monograph we use primarily the Caputo fractional derivative, as
the most important in applications, and we present first fractional differentiation
inequalities of Opial type where we involve the so-called balanced fractional
derivatives. We continue with right and mixed fractional differentiation Ostrowski
inequalities in the univariate and multivariate cases.

Then we present right and left, as well as mixed, Landau fractional differentiation
inequalities in the univariate and multivariate cases.

The inequalities are given for various norms.

Fractional differentiation inequalities are by themselves an important and great
mathematical topic for research. Furthermore they have many applications, the most
important ones are in establishing uniqueness of solution in fractional differential
equations and systems and in fractional partial differential equations. Also they
provide upper bounds to the solutions of the above equations.

In this brief monograph we give several applications.

Each chapter is self-contained and can be read independently of the others and
several graduate courses and seminars can be taught out of this monograph.

The final preparation of this book took place in Memphis, USA, during 2010-
2011.

Fractional calculus has become very useful over the last 40 years due to its many
applications in almost all applied sciences. We see now applications in acoustic
wave propagation in inhomogeneous porous material, diffusive transport, fluid flow,
dynamical processes in self-similar structures, dynamics of earthquakes, optics,
geology, viscoelastic materials, biosciences, bioengineering, medicine, economics,
probability and statistics, astrophysics, chemical engineering, physics, splines,
tomography, fluid mechanics, electromagnetic waves, nonlinear control, signal
processing, control of power electronics, converters, chaotic dynamics, polymer
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viii Preface

science, proteins, polymer physics, electrochemistry, statistical physics, rheology,
thermodynamics, neural networks, etc. By now almost all fields of research in
science and engineering use fractional calculus as better describing them.

So as expected this book being a part of fractional calculus is useful for
researchers and graduate students for research, seminars and advanced graduate
courses, in pure and applied mathematics, engineering, and all other applied
sciences.

I would like to thank my family members for their support and for their tolerance
to accept my continuous mathematics habit. Also I am greatly indebted and thankful
to my Ph.D. student Razvan Mezei for the heroic and fantastic technical preparation
of the manuscript in a very short time.

Memphis, TN, USA George A. Anastassiou
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Chapter 1
Opial-Type Inequalities for Balanced
Fractional Derivatives

Here we study L,, p > 0, fractional Opial-type inequalities subject to high-order
boundary conditions. They involve the right and left Caputo, Riemann—Liouville
fractional derivatives. These derivatives are blended together into the balanced
Caputo, Riemann—Liouville, respectively, fractional derivative. We give an appli-
cation to a balanced fractional boundary value problem by proving uniqueness of
the solution. This chapter relies on [7].

1.1 Introduction

The presented material here is related to [5].
This chapter is motivated by the famous theorem of Z. Opial [14], 1960, which
follows.

Theorem 1.1. Let x(t) € C'([0, h]) be such that x(0) = x(h) = 0, and x(t) > 0
in (0,h). Then

§ / h ¢ / 2
/0 |x()x' ()] dr < Z/o (x(1))%dr. (%)

In (%), the constant % is the best possible. Inequality (x) holds as equality for the
optimal function
ct, 0<t<h/2

0= { c(h—1).

<t =h,

(TR

where ¢ > 0 is an arbitrary constant.

To prove easily Theorem 1.1, Beesack [8] gave the following well-known Opial-
type inequality which is used very commonly.
This is another inspiration to this chapter.

G.A. Anastassiou, Advances on Fractional Inequalities, SpringerBriefs in Mathematics, 1
DOI 10.1007/978-1-4614-0703-4_1, © George A. Anastassiou 2011



2 1 Opial-Type Inequalities for Balanced Fractional Derivatives

Theorem 1.2. Let x(t) be absolutely continuous in [0, a], and x(0) = 0.
Then

‘ / a ‘ / 2
/0 |x()x' ()] dr < 5/0 (x(2))%dr. (%)

Inequality (xx) is sharp, it is attained by x(t) = ct, ¢ > 0 is an arbitrary
constant.

See also [13].

Opial-type inequalities are used a lot in proving uniqueness of solutions to
differential equations and also to give upper bounds to their solutions.

They have become a great subject of intensive research and there exists a great
literature about them.

Typical and important sources on them are the monographs [1, 3].

1.2 Background

We need

Definition 1.3 ([4,10-12,15]). Let f € AC™([a,b]) (space of functions from
[a, b] into R with m — 1 derivative absolutely continuous function on [a, b],m € N,
where m = [a] ([-] is the ceilling of the number), « > 0.

We define the right Caputo fractional derivatives of order « > 0 by

pisw = o [ et o i

We set Dg_f(x) = f(x), Vx € [a,b].
We mention the right Caputo fractional Taylor formula with integral remainder.

Theorem 1.4 ([4]). Let f € AC"([a,b]),x € [a,b],a > 0,m = [o]. Then

(k)
f()—Zf O (¢ _ by 4

m / - 0'DEfB)dE (12)

‘We make

Definition 1.5 ([9, p. 38]). Let f € AC"™([a,b]),m € N,where m = [a], a > 0.
We define the left Caputo fractional derivative of order & > 0 by

“ ) = / (r — 0" £ (s, (1.3)

We set DY, f(x) = f(x),Vx € [a,b].
We mention the left Caputo fractional Taylor formula with integral remainder.
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Theorem 1.6 ([9, p. 40]). Let f € AC™([a,b]),m € Nwhere m = [a],a > 0,
x € [a,b].
Then

m—1
_ f(k)(a) k -
1= X e o +m/ (x— 0D, f(Dydr.  (14)

Definition 1.7 ([5]). Let f € AC™([a,b]),m € N,where m = [a],a > 0,x €
[a,b].

We define the balanced Caputo fractional derivative,

D¢_ f(x), for “Eb < x <b,
b

(1.5)
D¢, f(x), fora < x < ath

D* f(x) :=

1.3 Main Results

We give
Theorem 1.8. Ler o > 0,m = [a], x € [a,b], f € AC™([a,b]), fP(a) =
fOB)=0,k=0,1,...m—1;0<p <landgq <o:§+§= 1.

Assume DE,f # 0on [a, “‘;b) and of fixed sign, a.e.; Dy_f # 0 on [”;b,b]

and of fixed sign, a.e.
Then

b
/ |0 | D £ ()]

= a)((a—l)'f‘%)

(2“ P r@((ple 1)+ Dip—1 +2)

# 2/q b 2/q
x[([ |D:af(r>|‘1dr) +(/M|Dz_f<r)|‘fdr) } (L6)

2

Proof. Here « > O,N > m = [a],x € [a,b], f € AC"([a,b]), f®(a) =
f(k)(b) =0,for k =0,1,..., m—1;0< p<landgqg : - + - = 1. Then
by (1.4),

11
P g

f(x) = %a)/:(x —0)*7'D%, f(t)dt, Vx € la,b]
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Also by (1.2),
= —1 ' —x)* lDa d A4 b
f(x) @) /V (t —x) b_f(t) t, x € [a,b].

Assume D¢, f # 0 over [Ol, w) and of fixed sign, a.e., and assume Dj_f # 0

2
over [“42'}’ ,b] and of fixed sign, a.e. Then we have

1 w b
|f(w)|=mf (w— 1 | DY, £(0)] dr. vWe[a,"; )

and

1 b b
|f(w)|=m/v (t —w)* MDY f(1)|dt, vWe[“;’ ,b]

Therefore by Holder’s inequality (¢ = p/(p — 1) < 0) we obtain

w 1/ w 1/
|f(w>|z%( f (w—t)ﬂ(“”dz) (( [ IDi‘af(t)I"dt)) "

Hence

1 (W—a)(a_lH—% v 1/q a+b
101 = oo ([ pssora) L vwea 52),

Similarly we derive

B S e oY LR S VR
1= s oty (L 1PE-rorra) WE[ > ]

Set
z1(w) = / D¢, f()|"dt, z1(a) =0,

so that zj(w) = | D%, f(w)|? and | D¢, f(w)| = (Z;(w))"/4,alla <w < ‘%” Set
b
200 = [ D f@F . () =0

so that Z,(w) = — \Dg_f(w)\q and |DY_f(w)| = (=2, (w)"/4, ‘%h <w < b.
Therefore

1 w—a) "

/ 1/
I(@) (pla—1) + 1)/» (@1 m7 ) ",

S D fw)| =
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alla <w < #. Hence

a+b

> . - 1
| renps sl =

a+b

/2 (v —a)* "7 (@ (W), ()1 dw

1 =N Up g otb 1/4
Zp(a)(p(a_1)+1)1/,,(/ (W—a)l’(oc—l)+1) (/ Z1(w)z’1(w)dw)

! b—a\“ e (24, atp\ /4
F(oz)(p(a—l)+1)1/P(p(a—1)+2)1/1’( 2 ) 2,

B . {b—a (a_1+%) Z%(azb)) 1/q
T T(@(ple=D)+1)Ve(pa—1) +2)1/P\ 2 ) 2 '

Therefore

ath ath

2/q
/2 | f W] DS, f(w)|dw > c* (/ ' IDiaf(t)lth) ; (1.7)

where
* . 1 b—a ("‘_H%) 18
© T AT @ (pa— D+ D (pla— 1) + )7 ( 2 ) U9
Similarly
h—w)@Dt3
OB 00 2 s o (2
and

b 1

Jea 1FONIDE 000 = e

b
x /m (b - W)(p(a—1)+1)/p (Zz (w) (—2'2 (W)))l/q dw

2

1
= 2T @) (ploc— 1) + D2 (plec — 1) + 2)1/7

)2 2/q
b—a\“ Vs [P
o q
x( 5 ) /m ID_f@)"ar]

2




6 1 Opial-Type Inequalities for Balanced Fractional Derivatives

i.e.,

2

b s 2/q
[, 1O 15 fldw = ¢ ( [, 105 0o dr) .

adding (1.7) and (1.9) we get (1.6).
We present and need

Theorem 1.9. Let x < s <0and f € Loo([x,0]),r > 0. Define

0
G(s) = / (t —s) f(t)dt.

Then there exists 0
G'(s) = —r/ (t—s) " f(t)dr.
N

Proof. Fix sy € [x, 0] and observe that

0 0
Gso) = / (t —s0) f(0)dr = / Ko (€ — o) £,

We call
g(s.1) == Y0t — )" f(1),

(1.9)

(1.10)

(1.11)

which is a Lebesgue integrable function for every s € [x,0]. That is, g(so,?) =
Xiso.0] (& — 50)" f(¢), all ¢ € [x,0] and G(s9) = ff g(s0,)dt. We would like to

study if there exists

dg(so, 1)

XD so+no) (& — 50 —h)" — x()[50.0/(t — S0)"

o= 10 (i j

We distinguish the following cases:

). (1.12)

(1) Let x <t < s, then there exists small enough > 0 such that t < 59 &+ A.

That is,
Xisotho) (1) = Xps.0(2) = 0.

Hence, there exists

dg(s0.1)
as

=0, allr:x <t <syp.

(2) Letsp <t <0, then there exists small enough 4 > 0 such thatz > sy £ h.

That is,
Xisorn0] ) = X000 = 1.
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In that case

) (= 0+ )Y = (= so)
D — s (i ) )

= —r(t —s0) " f(1)

exists for almost all £ : 5o <t < 0.
(3) Lett = s¢. Then we observe that

02+ (s0,%0) _ f(SO)(hm 0-<—h)’—1-or) o

as h—>0+ h
Also we get
ag—(s0,50) — fls0) hm 1-(=h)"—1-0
s h

_ . (_h)r i (_h)r
= 6o im S = o (im0

The last limit does not exist if 0 < r < 1, equals — f(s¢) if » = 1 and may not
exist, and equals O if r > 1.

In general as a conclusion we get that dglso.) (YO D) exists for almost all 7 € [x,0].

Next we define the difference quotlent at S0:

)

X @O soth01 (1 = S0 — )" = X000 — So)r)

Dy (1) = £() ( ;

for h # 0, and D, (0,1) := 0.

Again we distinguish the following cases:

(1) Let x <t < s, then there exists small enough 4 > 0 such that ¢ < 59 £ A.
Clearly then Dy, (h,t) = 0.

(2) Letsy <t <0, then there exists small enough h > 0 such that ¢ > sy £ A.
In that case

Dy, (£h,t) = f(t) ((t — (o h) —(t— So)r) |

+h

Call p:=1t —s0 > 0;clearly 0 < p < |x|.
Define
(p—=h)"—p" _ (t —s0—h)" = —s0)

o(h) = Y = h , for h close to zero, r > 0.
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That is,
Dy, (h. 1) = f(D)g(h).
If r = 1, then ¢(h) = —1 and Dy, (h,t) = —f(t).
We now treat the following subcases:

(2@)) If r > 1 and |h| small, then by mean value theorem we get
1Dy (h,0) = | f Ol < | f@)]r27~  x7
That is, for r > 1 and small || we derive
Dy (h0)] <72~ x TN (@)

(2¢)) If0 <r < 1and |h| small we get the following:
The function y(p) = p", 0 < p < |x| is concave and increasing. Let

h > 0, then
pr — (,O — h)r r—1 r—1
o) = E—Lt <o = (s
= :
and for & < 0, again
_(p=h)"—p"

< prfl _ (l —S())ril.

A

Therefore we obtain
| Dy (h.1)] < | ()] (£ —50)" .
for0 <r < 1 and |A| small.
(3) Case of t = sp, then

Dy, (h,50) = —f(s0) |h|"", for h <0,

and
Dy, (h,s0) =0, for h > 0.

So, if r > 1 we obtain

| Dy, (R, 50)] < | f(so)| x|,

for small |A|.
If 0 < r < 1, then for small |k| with & < 0, the function
Dy, (h, s9) may be unbounded.
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In conclusion we get:
(I) Forr > 1, that

|Dg, (. 1) < 72"V x|" 7 | f oo < 400, for almost all 7 € [x,0].

(I) For0 < r < 1, that
|Dg,(h,t)| < A(2), for almost all # € [x, 0], where

0, x <t =<s.
SO =s50)", s <1<0.
Clearly A is integrable on [x, 0].

Then by Theorem 24.5, pp. 193-194 of [2], we get that % defines an
integrable function and there exists

0
. as

A(t) = %

0 50
= _r/ (t —s0)" ' f(t)dt +/ 0dr

= —r [O(t —s50) "L f()de.

That proves the claim. O
We use

Theorem 1.10 ([3] Theorem 7.7, p. 117). Let0<s <xand f € Lo ([0, x]),r > 0.
Define

F(s) := /S(s —0)" f(t)de. (1.13)
0
Then there exists E
F'(s) = r/ (s — 1) f(r)dt, (1.14)
0
Vs € [0, x].
We make

Remark 1.11. Let f € AC"([a,b]), me,N,m = [a], a> 1. Suppose ¥ (a) =
f®B)=0k=0,1,...m—1.
Then we get by (1.4)

f(x) = %[(x — 0" 'DY f(t)dt, Vx € [a.b], (1.15)

also (by (1.2))

1

f(x)=m

b
/ (t —x)*"'DY_f(t)dt, Vx € la,b). (1.16)
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Suppose that
D3, f. Dy_f € Loo(la. b]). (1.17)

Here o ¢ Nandm — 1 < « < m, m € N. So froma > m — 1 we get (« —
1) — (m —2) > 0. Thus for £ =1,...,m — 1, we obtain 0 <{ — 1 <m — 2, and
(=)= —=1)> (x—1)— (m —2) > 0.

Hence (¢ — 1) — ({—1) > 0anda —€>0, £=1,....,m — 1.

Therefore by Theorem 1.8 and (1.15) we get

(=1
I'(x)

£/ = / (x — "D, f(1)dt

] * o— o
- m/ (x —1)*72D%, f(t)dt.

Similarly, we obtain

1 X
() - _ a—f—lDOl
100 = s | =0 D o,
for £ =1,...m—1,Yx € [a,b]. (1.18)
Using Theorem 1.9 and (1.16), we derive
) ( )Z a—{—1 na —
f (x)— /. (l X) Dy_f@)dt, £=1,...m—1,x €la,b].
(1.19)

We prove (p = 1,q = oo case).

Theorem 1.12. Leta > 0, m = [a], x € [a,b], f € AC™([a,b]), fP(a) =
f(k)(b) =0,fork =0,1,..., m — 1. Assume

D% f € Lo ([a,“;b)), DY fe Lo ([“;b,bD.

Then

b ) h—ua a+1 1
/ulf(X)IID f(X)IdXS( ) ) "T(@+2)

<(105r1 oo

) FIDE S ) (120
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Proof. Leta >0, m= [a], x € [a,b], f € AC"([a.b]), f®(a)= f®(b)=0,
fork =0,1,..., m —1. Suppose

D% f € Lo ([a,a;b)),
DY f e Lo ([a;b,bD.

Then
_-at o, _._atb
()] = TatD ||D*af||oo.[a’a-zkb) a<x< ,
and
(b —x)* a+b
|f()|_m|| bl o 9 <x<b
Thus
(x —a)* o 2 a+b
WD AW = f s ISy iy ¥ € [0, 552,
Hence
# ”Di{ufllz a.ﬁ;b b — a+1
D%, f0)ld < — +'[2')2 )¢ =
Similarly
<D (b —x)* a+b
I L R P e e[ : ,b}
and
||th f“ [a+b ] atb
FWIDEf0] = — = b v e [ 41200
Hence

| D5 H;Hib] (b — a)*t!
(o +2) o+l

b
[ F@IDE ] <
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Consequently it holds

b (b— a)a+l 2
[ 7D lar = ST (1051, ) HDE o)
establishing the claim. O

We continue with

Theorem 1.13. Let f € AC™([a,b]), N >m = [a], a > 1. Assume f®(a) =
f®OWm)=0,k=0,1,... m— 1. Assume D¢, f, D}_f € Leo(la.b]), p.g>1:
il a>m—1.
P q P

Then

(i) Caseof1 <q <2.Then

b
f £ O )| 1D £ow)] dw

- 2—(0(—[-&-%) b _a)(a—l—l-‘r%)
T Ie-0lpe@—t=D+ (pe—L—1)+2)]

b 2/q
X (/ |D* f(w)|? dw) , £=1,..., m—1. (1.21)

(ii) Case of ¢ > 2. Then

b
[ £ O] 1D £ ()] dw

- 2—(a—f+$)(b - a)(a—€—1+%)
T = 0[(pla—€—1)+ D(pla—L—1)+2)]7

b 2/q
X (/ |D* f(w)|? dw) , L=1,..., m—1. (1.22)
a
(iii) Whenp =q =2, « >m — %, =1,.., m—1).Then

2—(a—f+%)(b _ a)a—l
e —0[2(e—0)Ra—20—1)

b
X ( [ (D* f(w))zdw) . (1.23)

b
/ | £ O] 1D £ (w)| dw <
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Proof. By the assumption of the theorem we have

1 X
fOx) = F(a——e)/ (x —0)*77'De, f(n)dr,
fort =1,.., m—1, Vx € [a, b].

Similarly it holds

FO@) = ( O / (t — Xy DE_ f(t)dr,
{= l,..., m—1, Vx € [a, b].

Hence
1 X
) _ pa—Li—1 DY
P00 = g [ G0 DGOl
{=1,...,m—1, Vx € [a,b]

and

|f(e)(x)| < ; /b([ _x)a_e—l |DY_f(1)| dt
NN b= ’
{=1,..., m—1, Vx € [a,b].

Let p,g > 1: % + é = 1. Acting now as in the proof of Theorem 9 of [5], and
replacing f by £ and « by o — £ we prove our theorem. O

We further give

Theorem 1.14. Leta > 1, £=1,..., m—1; f € AC" ([a,b]),m = [a], f P (a) =
f®B)=0,k=0,1,.,m—1.

Assume DY, f.Dy_ f € Loo([a,b]). Assume D, f #0 over [a ”—+b), and of
fixed sign, a.e.; Dy_ f # 0 over [# b] and of fixed sign, a.e., 0< p <1, q¢<0;

1 1 _

b
/ | £ O] 1D f(w)]| dw
(b — a)@t=0+3)

4L i 1/
Aot

2

ath 7 b q
x (/ |D9jaf(t)|th) +(/M|Dg‘_f(t)|th> ) (1.24)

2
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Proof. As in the proof of Theorem 1.6, by replacing f by £ and a by « — £, for
L=1,...m—1;,a>1. O

Theorem 1.15. The p = 1, ¢ = oo case again. Leta > 1,{ =1,....,m—1; f €
AC"([a,b]),m = [u], f®@) = fOWB) =0, k =0,1,....m — 1. Assume
D%, f. Dy_f € Loo([a,b]).

Then

1
'a—£¢+2)

o (V51 sy + IDE AP )
(1.25)

b _ a—{+1
[ o swias<(251)

Proof. As in the proof of Theorem 1.12, by replacing f by f® and « by o — £, for
L=1,..m—1. O

We need ([4,9-11], p. 22)

Definition 1.16. Let o« >0, m = [«], f € AC™([a,b]). We define the right
Riemann-Liouville fractional derivative by

Dy_f(x) := rEml)m ( dx) /(z X)o7 f()de, (1.26)

Dg_ f(x) := I (x) (the identity operator).
We also define the left Riemann—Liouville fractional derivative by
P 1@ = ot () [ a—or o a2
x) =— [ — X — , .
at 'm—a) \dx a
DY, f(x) :=I1(x).
We further define the balanced Riemann—Liouville fractional derivative ([5])

% f(x). for 142 < x <b,

DY f(x) := (1.28)

a+b

Dy, f(x), fora <x <

Remark 1.17. Let f € C™([a,b]), m = [a], @ > 0. In [6] we have proved that
Dy f(x), D¢, f(x) are continuous functions in x € [a, b]. Of course C"([a, b]) C
AC™([a, b)), so that f € AC™([a, b]).
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Thus by Theorem 9 of [4], we get that also Dj_ f(x) exists and continuous for
every x € [a, b]. Furthermore if f(k)(b) =0,k=0,1,..,m—1 we obtain

Dy_f(x) = Dj_f(x), (1.29)

Vx € [a,b].
Similarly, by [9], p. 39, we get that D7, f(x) exists and continuousin x € [a, b].
Furthermore if f(k)(oz) =0,k=0,1,..,m—1 we get

Dy f(x) = D, f(x), (1.30)

Vx € [a,b].
Soif f®(a) = fOB)=0, k =0,1,....m — 1 we find

D* f(x) = D* f(x). (1.31)

Vx € [a,b].
So by Theorem 1.13 we obtain the corresponding results for the balanced
Riemann-Liouville fractional derivative.

Theorem 1.18. Let f € C"([a,b]), N > m = [a], a > 1. Assume f®(a) =
f®B)=0,k=0,1,...m—1.Suppose p, ¢ > 1: 1 + '

L1, a>m—1.
q P
(i) Caseofl <q <2.Then

1
p

b
[ £ O D% £(0)] dw

3 2—(01—(-%—%) b _a)(a—z—1+%)
S Ta-0lpl@—t—1+D(pla—t—1)+ 2)]%

2

b q
x(/ |D°‘f(w)|qdw) , L=1,..m—1. (1.32)
(ii) Case of ¢ > 2. Then

b
/ | £ O )| 1D £ ()] dw

) 2(a—£+$) b _a)(a—z—1+%)
T Ia—-0pla—€—1) + D(pla—£—1)+2)]V/r

b 2/q
x(/ |D"‘f(w)|qdw) . L=1,...m—1 (1.33)
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(iii) Whenp=q =2, a>m—1%, ({=1,...m—1). Then

b 2 («t+3) (p — ayet
© o
/a e el = e = Da =20 =)

b
X ( / (D* f(w))zdw) ) (1.34)

Remark 1.19. For feC™([a,b]) m= [a], >0, one can rewrite also
Theorems 1.8, 1.12, 1.14, and 1.15 in the language Riemann-Liouville fractional
derivatives, as we did in Theorem 1.18.

Application 1.20. Uniqueness of solution to fractional boundary value problem

(D' )O)=F(t, £ fsos f"7) 1

‘ . 1
fD@) =a;, fOD)=b;,0<i <m—1,m:=[v], v>1v >m==.
(1.35)

Here f € AC™([a,b]), D}, f. D;_f € Le([a,b]); F is a continuous function on
[a,b] x R™, t € [a,b]. Also F fulfills the Lipschitz condition

m—1

|F(t,20 210 2m—1) = F(1.20,2}0 e Gy | < Z%‘(t) |z — 2
i=0

’

where ¢g; () > 0, 0 <i < m — 1 are continuous functions on [a, b].
Call
m—1 2—(v—i+%)(b _ a)v—i

b) = i
#a.b)i= 2 laills F'(v—1)y2( —1)@v —2i — ).

i=0

Suppose that
¢(a,b) < 1. (1.36)

Next we prove uniqueness to the solution of (1.35). Let fi, f> as above fulfilling
(1.35), that is,

(va/)(l) - F (vajvfj/»""fj(m_l)) :fj(i)(a) — ai,fj(i)(b) — bi,o El < m—l,

ji=12.
Call g := fi — f». Then

(D'g)t)=F (l, i ...,fl(m_1)> _F (Z7f2,f2/, ""fZ(m_l))’

such that g (a) =0, g?(b) =0, 0<i <m—1. (1.37)
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Here
(1o Sl S7) = F (10 o Fn 1770
< iqi (1) ‘fl(”(t) - ;”m( = gqi 1) [¢V0)].
From
(D"g(1)* = (D" g |F (1. fis flo s A7) = F (1. foo Sl 770)
we obtain

m—1 m—1
(D"g(1))* < |D"g(1) (Z qi (1) |g<">(r)|) =Y a: (D g [V )).

i=0 i=0

Integrating the last inequality we get
b m—=1.p ‘
| RCECRTES 3y O UGIVROI
a i=0 Y4

m—1 b
<Y llgi lloo/ gD g(1)]dr. (1.38)
i=0 a
From inequalities (23) and (13) of [5] we find that

b
/ 1590)| 1D g ()] dr

- 2—(v—i+%)(b _a)v—i
T rv—i)y2@v—2i — (v —i)

b
/ ((D"g)(2))%dt, fori =0,1,....m — 1.
a

(1.39)

Combining (1.38) and (1.39) we derive
b b
/ ((D'g)(1))dr < p(a.b) [ (D" g()2dr. (1.40)

If fab(D”g(t))zdt # 0, then from (1.40) we get ¢(a,b) > 1, a contradiction by
(1.36).
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Thus
b
/ (DVg(t))*dt = 0,

which implies
(DVg(t)> =0, a.e.int € [a,b],

that is,
DVg(t) =0, a.e,int € [a,b].
Therefore
b

D, _g(t) =0, for at <t <b, ae.

and
b

D;,g(t) =0,fora <t < a—;— ,a.e.

But

g(a)=g"((b)=0, forall0 <i <m— 1.

So from (1.2) and (1.4) we get g(x) = 0on [“+2, ], and g(x) = 0 on [a, “£2],
respectively.

Thus g(x) = 0, Vx € [a,b], giving us fi(x) = f2(x),Vx € [a,b], thatis,
proving the uniqueness of solution to fractional boundary value problem (1.35).
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Chapter 2
Univariate Right Caputo Fractional
Ostrowski Inequalities

Here we present general univariate right Caputo fractional Ostrowski inequalities.
One of them is proved sharp and attained. Estimates are with respect to ||-[| ,, 1 <
p < oo. This chapter is based on [4].

2.1 Introduction

In 1938, A. Ostrowski [8] proved the following important inequality:

Theorem 2.1. Let f : [a,b] — R be continuous on [a,b] and differentiable on
(a,b) whose derivative [’ : (a,b) — R is bounded on (a,b), i.e, || =

sup |f/ ()| < +oo. Then
te(a,b)

a+b

1 (X—_)2 ’
[s+ G oot e

b
’ﬁ/ f 0~ £ ()

forany x € [a, b]. The constant % is the best possible.

Since then there has been a lot of activity around these inequalities with important
applications to numerical analysis and probability.
This chapter is greatly motivated and inspired also by the following result.

Theorem 2.2 (see [1]). Let f € C"t! ([a,b]), n € Nand x € [a,b] be fixed, such
that f(k) (x) =0,k =1,...,n. Then it holds

1 b ||f(n+l)|| (x _a)n+2 + (b _ x)n+2
| Fmar- o)< co
b—al, (n+2)! b—a
(2.2)
G.A. Anastassiou, Advances on Fractional Inequalities, SpringerBriefs in Mathematics, 21
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Inequality (2.2) is sharp. In particular, when n is odd is attained by f* (y) :=
(y — x)" 1. (b — a), while when n is even the optimal function is

fO) =y—x"""(b-a), a>1
Clearly inequality (2.2) generalizes inequality (2.1) for higher order derivatives
of f.

Also in [2], see Chaps.24-26, we gave a complete theory of left fractional
Ostrowski inequalities.

2.2 Main Results

We need

Definition 2.3 ([3,5-7,9]). Let f eL;([a,b]), a«>0. The right Riemann—
Liouville fractional operator of order « by

o 1 b a—1
S0 = o / (=0 £ (J)dJ, 2.3)

YV x € Ja,b], where I is the gamma function. We set If_:z I (the identity
operator).

Definition 2.4 ([3,5-7,9]). Let f e AC™ ([a.b]) (f™ D is in AC ([a,b])),
meN, m= [a], « >0 (][] the ceiling of the number). We define the right Caputo
fractional derivative of order o > 0 by

_1\" b
DY_f (x) = 1"((m;)—oe) f (J—x)" "t fmyd), Yx<b. (24)

If « =m € N, then
Dy f(x)= (1" f"(x), Yxelab]

If x > b we define Dy_ f (x) = 0.
We also need

Theorem 2.5 ([3]). Let f € AC™ ([a,b]), x € [a,b], « > 0, m = [a]. Then

m—1 k) b b
f=Y P wenf s [ D e es)
k=0 ’ x

the right Caputo fractional Taylor formula with integral remainder.
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We give

Theorem 2.6. Let « > 0, m = [a], f € AC™ ([a,b)). Assume f® (b) = 0,
k=1,...m—1,and D}_f € L ([a,b]). Then

” b f“oo[ab](

Tt a)®. (2.6)

b
el GOl

Proof. Let x € [a, b]. We have

1 b a—1 o
@) —f )= W/ (J — 0" DE_f (J)dJ.

Then
)~ f 0] < T DR S ()14
( —x)* 1dJ) D5~ f oo a)
J
- - (a) ( ( ) 1DE £ 1l ooy
~ T O~ 1D g
Therefore
(b—x)
0= f O = e 18- Floogasy» ¥ x € lab)
Hence it holds

s / rwas—rol= - sena

1 bo(b—x)®
“a), T@+1

)

=i [ renes;

” Dbff“oo,[a,b] a
- (b—a)F(oz+1)/a (b —x)"dx

I L [ =0
Cb—a)T (a+1) a+1

IIDZ‘_f ”oo.[a,b] dx
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. “ Dg—f”oo,[a,b] (_1) 0— (b - a)a—H
b-—a)T (@+1) a+1

_ ” Dg—f ||oo.[a,b] . (b _ Cl)a+1 _ || DZ—fHoo,[a,b] ' (b - a)a
(b—a)T (a+2) I'(x+2)

)

proving the claim. O
We present

Theorem 2.7. Leta > 1, m = [a], f € AC™ ([a, b]). Assume that f® (b) = 0,
k=1,..m—1,and D}_f € Ly ([a,b]). Then

|| b f”L]([ab]) a—1
e te-a e

b
i [ rwan- s o) <

Proof. We have again

1 b a—1 [
0= f 0 = s [ =0 IDEf (Dl

1

b
(b / DY f (1) dJ

=

I (o)
1
“T@ )(b_x)“ D f i
Hence
”D fHLl([ab]) a—1
|/ (x)—f D)= T(b x)*7', Vxelab]
Therefore

b
[ f@ar-r o)

1 /'b ||DZ—f”L1([a.h]) (b —x)"" dx

< —/ f () — £ (B)]dx

“b—a I (o)
12511 ooy ai
= b—aT @ / (h—x)* " dx
I L PN o S Ll PR (b—x)*!
b -a)T (@) « T+ ’

proving the claim. O
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‘We continue with

Theorem 2.8. Let p,g > 1: %—i— é =1a>1 —é,m = [a], f € AC™ ([a, D]).
Assume that f® (b)) =0,k =1,...m — 1, and Dy_f € Ly ([a,b]). Then

125711,

: (b —a) "7
r@@e=-n+n7 («+)

b
el RAGLSNIOIE

(2.8)
Proof. We have again

|f () =SB =

’ -1
F(oz)/x (J =) Dy f ())ldJ

b % b q
_ y)ple=D) a q
> (/ 7 =) cu) (/ IDE_f () dJ)

1 = )(Ot 1)+ ( )1
< Dy HtdJ
T oo [0t

1 (b—x)@ Vs

DY .
ST@ @i e
Therefore
D¢ .
70— o) = 2 e F(b-x)TFF L Vxeladl
F'@((pa-—-1)+1)r
Hence

b
[ =)

< —/ f () — £ (B)]dx

[2rava v
T -l @p—1)+ 17 Ja
. HDZ"_fH Ly(la.b]) b — a)“_““%
CT@EEe-n+Dr (a+d)

b
(b— )a 1+de

Corollary 2.9. Let o > %, m = [a], f € AC" ([a,b)). Suppose f® (b) = 0,

k=1,..m—1,D¢ f €L, (a.b)). Then

| 25— 7 1 sy

(b—a) % (2.9)
@ (v2e=T1)(e+1)

b
s [ rwan- s o) <
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We finish the chapter with
Proposition 2.10. Inequality (2.6) is sharp, namely it is attained by

fX)=0b-x)% a>0,a¢N, x €la,b].
Proof. Notice that (b — x)* € AC™ ([a, b]). We observe that

S () = —a (b= x)"!
£ = DPale— 16—,

FO ) = (D" @ = D@ =2) = m 4 2) (b= x)
and

M) =(=D)"a@—D)(@=2)--(@—m+2)(@—m+1)(b—x)*".

Thus
_1\2m b

DY_f (x) = %a (@—1) -+ (@—m + 1)/ (J —x)" " (b — Iy dJ
_a(la—1D-(a—m+1) (@—m41)—1 (n—a)—1
= T =) /(b J) J —x) dJ
_a@=D-la—m+ D) T(a—m+1)I' (m—a)
B I (m—a) (1)
=a(la—1)--(a—m+DI(a—m+1)=T(a¢+1).

That is,

Dy f(x)y=T(a+1), Vxelab]

Also we see that f® (b) =0,k =0,1,....,m — 1, and Dj_f € Lo ([a,b]). So f
fulfills all assumptions. Next we see

r 1 b—a)
R.H.S. (2.6) = % (b —a)* = ((a +“1)) .
L.H.S. (2.6) = / (b —x)%dx
B 1 a)OH‘l (b a)ot
 b—a (Ol +1) a4+l

proving attainability and sharpness of (2.6). O
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Chapter 3
Multivariate Right Caputo Fractional
Ostrowski Inequalities

Here we present general multivariate right Caputo fractional Ostrowski inequalities.
Some of them are proved to be sharp and attained. Estimates are with respect to
||l - This chapter relies on [5].

3.1 Introduction

In 1938, A. Ostrowski [8] proved the following important inequality:

Theorem 3.1. Let f : [a,b] — R be continuous on [a,b] and differentiable on
(a,b) whose derivative [’ : (a,b) — R is bounded on (a,b), i.e, || =

sup |f/ ()| < +oo. Then
te(a,b)

a+b

L B
5[4+ Gy } b-a)|f,. G

1 b
|m/ f 0= @)

for any x € [a, b]. The constant % is the best possible.

Since then there has been a lot of activity around these inequalities with important
applications to numerical analysis and probability.
This chapter is greatly motivated and inspired also by the following result.

Theorem 3.2 (see [1]). Let f € C"t! ([a,b]), n € Nand x € [a,b] be fixed, such
that f(k) (x) =0,k =1,...,n. Then it holds

1 b f(n-‘rl) X —a n+2 +((b—x n+2
— roray— |2 L e (=04 G-
b—al, (n+2)! b—a
(3.2)
G.A. Anastassiou, Advances on Fractional Inequalities, SpringerBriefs in Mathematics, 29
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Inequality (3.2) is sharp. In particular, when n is odd is attained by f* (y) :=
(y — x)" 1. (b — a), while when n is even the optimal function is

) =ly—x""(b-a), a>1.

Clearly inequality (3.2) generalizes inequality (3.1) for higher order derivatives
of f.

Also in [2], see Chaps.24-26, we gave a complete theory of left fractional
Ostrowski inequalities.

3.2 Main Results

We need

Remark 3.3. We define the ball B (0,R) = {x ¢ RY : |x] < R} C RV, N > 2,
R > 0, and the sphere

SVli={x eR : x| =1},

where |-| is the Euclidean norm. Let dw be the element of surface measure on SV !

and let
/‘ d 27
wWN = w = N
SN r(z)
For x € RY — {0} we can write uniquely x = rw, where r = |x| > 0 and
al)lzb;—”,lle SN, Jw| = 1. Note that [ p dy = “’Nl\fN is the Lebesgue measure of
the ball.

Following [6, pp. 149-150, exercise 6] and [7, pp. 87-88, Theorem 5.2.2], we
can write ' : B (0, R) — R a Lebesgue integrable function that

R
/ F (x)dx = / (/ F (rw) rN_ldr) dw; (3.3)
B(0,R) N 0

we use this formula a lot.

Initially the function f : B (0, R) — R is radial, that is, there exists a function
g such that f (x) = g (r), where r = |x|,r € [0,R], YV x € B (0, R). Here we
assume that g € AC™ ([0, R]) (means g~V is in AC ([0, R])), m = [a] ([-]
ceiling of the number), « > 0, and g(k) (R)=0,k=1,...m—1.

By [3] we obtain

1 R a—1 o
O =g (R = s / (J =) D% g (J)dJ. (3.4)
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V s € [0, R], where D%_g is the right Caputo derivative. Further suppose that
D%_g € Lo ([0. R]).

We get
1 R
lg () —gR)| = @ / (J =) |Dg_g (J)|dJ
1 R _
< ([ =) 1D el
R _ o
- Fo 105l 65)
That is,
H D%—g”oo,[O.R] o
g (s) —g (R)] = W (R—s9)", (3.6)
Vs e[0,R].
Next observe that
R _
‘f(Rw)_ foow F O8] [ S (g (5% 1ds) do
Vol (B (0. R)) Js (Jo s¥=1ds) do

N R R
—Je -1 [Cewr ] = 25 [T e - g on ] 6)

RN

R a R
N HDR—g” 0.R
< N—1 R) — ds < 00, [0, ]/ N—1 R — otd
= v |, e (R =g )]s = e [ (R
_ N ”DaR—g”oo,[o,R] R @t D—1 N—1
= — (R—y) s™ T ds
R T@+) J

_ N P58l T @t DN =Dy
RN T(+1) T (@+N+1)
N!R*

= || D% - 3.8
So we have proved that
IB(OR)f(y)dy N R
Ro)— ——"——" | = |g(R) — — N-lg 3.9
7 (ko) = SRS e @) - g [Cews ] 6o
N!R*
< D¢l (3.10)

LR (@ + N +1)
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The last inequality (3.10) is sharp, it is attained by g (r) = (R—r)% a > 0,
r € [0, R]. Asin [4] we get

Dy g(r)=T(x+1), Yrel0,R].

Hence | D%_g | oq = " (@ + 1). And g (R) = 0. Therefore
N K a N—1
LHS.(3.10) = — | (R—9)"s"""ds
RY Jo
N R
= W/o (R—9)“tV " (s —0)" " ds
_NT@E DTN oy _ L@+ DN o,
RN I'(e+ N +1) F'@+N+1)
And
r 1) N1R”
RH.S. (3.10) = L+ NiRY
F@+N+1)

proving attainability of (3.10).

We have established the following multivariate Ostrowski inequality.
Theorem 3.4. Let f : B (0, R) — R which is radial, that is, there exists g such
that f (x) = g(r), r = |x|, V x € B (0, R). Suppose that g € AC™ ([0, R]),

m=[a],a >0 and g¥ (R) =0,k =1,...m —1,and D%_g € Lo ([0, R]).
Then

_ fB(O,R) f(»dy

S (Ro) = B 0. R)

N R
= ‘g(R)—R—N/0 g (s)sVlds

N!R*

= 1D%-8lloo 0.k T@tN+ 1)

@3.11)

The last inequality is sharp, that is attained by g (r) = (R—r)% a>0,
Vrel0,R].

We also make

Remark 3.5. Let the spherical shell A := B (0,R;) — B(0,R;),0 < R; < Ry,
ACRY, N >2 x e A. Consider again that f : A — R is radial, that is, there
exists g such that f (x) = g (r), r = |x|, 7 € [R, Ry, ¥ x € A. Here again x can
be written uniquely as x = rw, where r = [x| > 0,and w = 7 € SN w| = 1.
We can write for F : A — R a Lebesgue integrable function that

R
/F(x)dx:/ ([ F(rw)rN—ldr) do. (3.12)
A SN—1 Ry
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— ON (Rév_R{V) m —
Here Vol (A) = ———=, and we assume that g € AC™ ([Ry, R]), m = [a],

o >0, and g(k) (Ry)) =0,k =1,..,m— 1. We get (see [3])

1 (R
g(s)—g(Ry) = @ / (J =)' D _g(J)dJ, (3.13)

V s € [Ry, R,], where D‘}gz_ g is the right Caputo fractional derivative. Further
suppose that Dy g € Loo ([R1, Rz]). Hence

1 ko a—1 o
f© =g Rl = s [ 0 =9 Dy g (D] as
1 ko a—1 o
=T (/ (/=) d") D%l 1, 1
1 (Rz—S)a o
= I (@) a ”Dszg”oo,[Rl,Rz]' (3.14)
Therefore
| D%,
— g (Ry)| < 22 ToolRiR (b gy 3.15
56) = g (Ro)| = P (Ry = ) (3.15)
Vs e [Rl, Rz].
Next we observe that
fAf(y)dy N R N—1
R —Ls - = R)— | ——— d
1 o)~ I = ()~ (e ) [ w0

Ry
(g (Ry) — g (s)) sV 'ds

= (&=a)
- \RY —RY

<( N )/R2|(R) ()| sV 1ds
= RQ’—R{V . g ([ g

1

- ( N ) ”D%z—g”oo,[RLRz]
~\RY —RV I'(+1)

Ry
x/ (R, — 5)* sV 1ds =: (x). (3.16)
R

1

Ry

We evaluate

Ry
/ (R, —5)* sV~ lds
Ry
Ry
= (Ry—5)" ((s — Ry) + RV ' ds
Ry
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R> N—1 N 1
/}; (Rg—s)a<2( k_ )(s—Rl)kR{V_l_k>ds

k=0

=

(N -1 Ry
( . ) RN—1-F (R, —5)@™V 1 (s — R D1as  (3.17)
Ry

[
i

=

(R2 _ Rl)a+k+1

I
i

(N_I)RN i D@+ )T (k+1)
k I'a+k+2)

=

(N=D! vy Lt DE!

I A — '™ (R,—R ot-‘rk-‘rl_
KI(N —k—1)1 ! F(a+k+2)(2 v

Il
I M

Therefore we get

Ry N—1

N—-1—k a+1+k
[RGERE. 'ds—(N—l)'F(oe+1)Z(R (R~ R)

11—k (@+2+k)
(3.18)

Consequently we find

NI N—1 RV-1-k (R, — Ry)eHIFE
(*)Z(W)” Rz g”oo[R]Rz](Z( —1—k)IT (« +2+k) :
(3.19)

So we have established

d Ry
‘f(Rza))— M' = ‘g(Rz)— (Révjj—R{V) /Rl g (s) sV ds

Vol (A)
N! N—l RN-1-H (Ry — Ry)*T1Tk
<({———" D% .
() (Ea et ) 126
(3.20)

The last inequality (3.20) is sharp, that is attained by AC™ ([R1, Rz]) > g (r) =
(R, —r)*, a>0,m=[al],r € [Ry, R;]. Indeed

Dy, _g(r)=T(a+1), Vre[R,Ry],

and
HD%z—EHOO,[RI,RZ] =I(x+1). 3.21)

Also we have g% (Ry) = 0,k = 0.1,...m —1,and D% _Z € Loo ([R1, Ra]). So
g fulfills all the assumptions here.
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We see that

L.H.S. (3.20)

N Ry NI 1
— v / (Ry —)* sV M ds ———— (o +N )
RZ - Rl Ry RZ - Rl

N—=1  N—1—k _ poyatltk
XZ R; (R — R))

(N— 11—k (@ +2+k)

k=0
RY RV )\ & N -1 @+2+ k)
X HD%Z—EHOO,[R],Rz]

= R.H.S. (3.20), (3.22)

proving the optimality of (3.20).
We have established the Ostrowski inequality.
Theorem 3.6. Let f : A — R be radial, that is, there exists g such that f (x) =

gr), r =|x|,Vx e A; w € S¥L Assume g € AC™ ([R, Ry]), m = [«],
o >0, and g(k) (R)=0,k=1,...m—1, and D%Z_g € Loo ([R1, R2]). Then

[ f ndy| N ko N1
‘f(sz)_W‘_‘g(R2)_(W)/R g(s)s™ds

1

' N—1 N—1—k _ at1+k
< () (o A (R Ry |D%,_g| . (3.23)
TA\RY —RYJ\ = (N =1 =K' (¢ +2+k) Ra=& oo [R1.R2]

The last inequality (3.6) is sharp, that is attained by

g)=(Ry—9)*, a>0,5€[R,R)]. (3.24)

We need

Definition3.7. Let F : A — R, o > 0, m = [a] such that F (.w) €
AC™ ([Ry, Ry]), for all @ € SN~!. We call the Caputo right radial fractional
derivative the following function

%,— F (x) =n" Ry m—a—1 O"F (tw)
= r— —=dt, 3.25
are rm-a)l, (t=r) arm (3:25)
where x € A, thatis, x = rw, r € [Ry, Ry], w € SV~
Clearly
3% _F (x)
—— = F(x), (3.26)

or°
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W F () _ 0F (x)
ore are

ifo eN. (3.27)

The above defined function exists almost everywhere for x € A.
We justify this next.

Remark 3.8. Call

RZ—F () .
Ay :=1r €[Ry,R,]: e does not exist

We have that Lebesgue measure Ag (A;) = 0. Call Ay := A; x S¥~!. So there
exists a Borel set AT C [R, Ro], such that A; C A}, Ag (AT) = Ar (A)) = 0;
thus, Ry (A}) = 0, see [2], pp. 419-422.

Consider now A% := A¥ x S¥=! C A4, which is a Borel set of RV —{0}. Clearly
then by Theorem 16.59, p. 420, [2], Ay (A%) = 0, but Ay C A%, implying
Ary (Ay) = 0.

Consequently the above radial derivative exists a.e. in x w.r.t. Agy on A.

‘We make

Remark 3.9. We treat here the general, not necessarily radial, case of f. We
apply last Theorem 3.6 to f (rw), w is fixed, r € [R], Rz], under the following
assumptions: f (-w) € AC™ ([R;, Rz]) forallw € SN, @ > 0,m = [a], where
f A — Ris Lebesgue integrable; o [, k =1,..,m—1 vanishon dB (0, R,), and

Yot ¢ B (A), along with D%, f () € Lo ([Rl, R,V we SV

So we have

N ke N—1
'f(Rza))— (m) N f(sw)s™ ds

=

_ ( N1 ) — RYT'H (R, — R ‘ 3%2—fH _
~\RY —RV = (N —1—IW (@ +2+k) e Noox
(3.28)
Consequently it holds
~1 f (Ryw)d N ko
Jsn—1 f (Row) dw — _ / ( f(sa))sN_lds) do| < A,.
wN (RY = RY) oy Jsv—1 \Jg,
(3.29)
That is,
rs) Juf @) dx
Ryw)dw — “=——| < A,. 3.30
P SN_lf( 20) dw Vol (A) | =™ (3.30)
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Therefore, it holds for x € A, that
fA (x) dx % r (%)
=SS = re = =2 [ (Raydo+ 2
S f (x)dx
x /L;Nfl J (Ryw) do — Vol (A)
r(%)
<\|\f(x)-— f (Rw)dw| + Ay, (3.31)
2m2 Jsn—l
We have proved

Theorem 3.10. Let f : A — R be Lebesgue integrable with f () €

AC™ (R, Ro)), & > 0,m = [a], Vo € SY1 5Lk = 1,..om — | vanish

on 0B (0. Ry): 9%, f () € Loo ([R1.Ra]), ¥ w0 € SN=1: and Rz— € B (4)
(bounded functions on A). Then, for x € A, we have

[y f (x)dx

'f &) = =00 A

N
<|fx)- M f (Ryw) dw

T2 SN—1
N!
+ e
(=)

We also make

=

—1

a

O (N=T—K) (@+2+k)

R{V—l—k (R> — Rl)a+1+k ) ‘

(3.32)

Remark 3.11. Let f : B(0,R) — R be a Lebesgue integrable function, that is,
not necessarily a radial function. Assume f (-w) € AC'([0,R]), YV @ € SN71;
0<a<l,and D%_f (@) € Lo ([0, R]), ¥V @ € SV~1. Clearly here we obtain

R
f (sw) — f (Rw) = ﬁ / (J =)' D%_f (Jw)dJ, (3.33)

VoeSV-lvse [0, R].
We further suppose that

[D—f (Ja))||oo.(.]e[0$R]) <K, Yowe SN_I,

where K > 0.
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Applying the earlier Theorem 3.4 we get

f (Rw) — i Rf (sw) sV ds
RV J,
o N!R* KN!R*
< (”DR_f([w)”oo.,(tG[O,R])) F@+N+D) < FatNTD) (3.34)
Consequently we obtain
Jsv—1 [ (Ro)dw N Ve KN!R*
on T RVan Joros ( f(sw)s ds) da)‘ ST @ Nt
(3.35)
Hence
r(%3) Jsor /() dx KNIR®
¥ Jo S ROV = O Ry | S Tas N O30
Consequently it holds
fB(O,R)f(x) dx
if(R )= Vol (B (0, R))
N
- ‘f(Rw)—LZN) f (Ro)do
2r2 Jsn-t
F(%) fB(OR)f(x)dx
+—= Rw)dw — ——+——
1y Jsv— lf( ) Vol (B (0, R))
%) KN!R®
_ 2
<|f (Rw) ”2’ [ f (Rw)dw —F @I NTD (3.37)

So we have proved the Ostrowski inequality.

Theorem 3.12. Let f : B(0,R) — R be a Lebesgue integrable function, not
necessarily radial. Assume f (w) € AC'([0,R]), R > 0,V w € SN°I;
0 <a < 1,and D%_f (w) € Lo ([0,R]), ¥ @ € SN~1. Suppose also that
| D% f ()| o epo.ny = K- ¥ @ € S, where K > 0. Then

fB(o,R) S (x)dx
‘f (Re) = T (B 0. R))
r(%) KNIR”
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Chapter 4
Univariate Mixed Fractional Ostrowski
Inequalities

Here we give general univariate mixed Caputo fractional Ostrowski inequalities, one
is proved sharp and attained. Estimates are with respect to ||-[|,, 1 < p < oo. This
chapter is based on [4].

4.1 Introduction

In 1938, A. Ostrowski [9] proved the following important inequality.

Theorem 4.1. Let f : [a,b] — R be continuous on [a,b] and differentiable on
(a,b) whose derivative ' : (a,b) — R is bounded on (a,b), i.e, ||l =
Supte(a!b) |f/(t)| < 4o0. Then

_ ath)?
< [i + %]-(b—a) [/l @D

b
‘ﬁ | rwar = s

for any x € [a, b].The constant él—l is the best possible.

Since then there has been a lot of activity around these inequalities with important
applications to numerical analysis and probability.
This chapter is greatly motivated and inspired also by the following result.

Theorem 4.2 (see [1]). Let f € C"T'([a,b]), n € Nand x € [a, b] be fixed, such
that f(k)(x) =0, k=1,...,n. Then it holds

1 b ”f(’H-UH (x — a)n+2 + (b — x)n+2
— dy — f(x)| < 2. . (42
b_a/af(y)y f)| = TR ( —_ ) 42)
G.A. Anastassiou, Advances on Fractional Inequalities, SpringerBriefs in Mathematics, 41

DOI 10.1007/978-1-4614-0703-4_4, © George A. Anastassiou 2011
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Inequality (4.2) is sharp. In particular, when n is odd is attained by f*(y) :=
(y = x)"T1 - (b — a), while when n is even the optimal function is

fO) =y —x"""b-a), a>1.

Clearly inequality (4.2) generalizes inequality (4.1) for higher order deriva-
tives of f.

Also in [2], see Chaps. 24-26, we gave a complete theory of left fractional
Ostrowski inequalities.

Here we combine both right and left Caputo fractional derivatives and produce
Ostrowski inequalities.

For the concepts of right and left Caputo fractional Calculus we use here, we
refer to [3-8, 10].

4.2 Main Results

We make

Remark 4.3. Let [a,b] C R, @« > 0, m = [a].Let f € AC™([a,b]), xo €
[a,b] G.e., £~V € AC([a,b])). Thus f € AC™([a, xo]) and f € AC™([x0,b]).
Consequently, by [5, p. 40],

flx )—Zf &), )+ s / (x= D)= D, F()dJ, Vax € [x0.D].

And by [3],

m—1 (k)
S(x) =Zf kfx()) xo)*+ @ )/ (J=x)*"'DS _f(J)dJ, ¥x € [a, xo].
k=0 :

Here D¢

*X0

Suppose f(k)(xo) =0,k=1,...,m—1.Then

f. D, f are the left and right Caputo fractional derivatives of order c.

Sx) = fxo) = I )/ (x = )*7'DE, f(J)dJ, Vx € [xo,b] (4.3)
and

f(x) = f(xo) = @ / (J —x)7'D¢ _f())dJ, Vx €la.x].  (44)
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Hence

) = f)] < —— / (x = J)* D2, £(J)] dJ

- r ( )
T (/ (x =) ldJ) ”D*Xof”oo,[xo,b]
1 (x —xp)®
T T@ o« 1% Noo o (4.5)
Hence
*’Cof 00,[X0,
|/ (x) = f(x0)] < ”F(%[)”% X0)". ¥x €[xo.bl.  (4.6)
Similarly it holds
f) = Sl = = )( / (J =x)* ‘dJ) [ 2% oo oo
_ 1 (xo—x)"
- m o ” Xo—f”oo[axo]
HDAO—f”oo,[a,xo]( _ )Ot
A CES))
that is,
f 00,[a,xq
|/ (x) = f(xo)| < “F(—L;]( — )% Vx e la,xl. @7

Next we observe that

b b
5 [ rwae=po| = | [0 = sonas

<L / £ = f(xo)| dx (48)
=E{/ /(0 — £ dx

b
+ / 1) — f(xo)] dx}
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1

= o=ar@+ ) 175 oo

b
/ (xo—x)*dx + | D, | oo,[xo,b]/ (x—xo)adX§
X0

1 . a+1
H Dgo—fHoo,[a,xo] (%)

= b—aretD
(b _ )(x-‘rl
+ ||D*r0f||oo,[xo,b] (a;_l_ol) }

- : e a1
= o=are s P g 0=
+ “D*xof ||Oo’[x0,b] (b— Xo)"‘“} ' “9)

We have established that

Theorem 4.4. Let [a,b] C R, > 0, m = [o|, f € AC™([a,b]), and
HDXO—fHoo,[a,xo] ’ *x “oo,[xo,b] < 00, xg € [a,b]. Assume f®(x0) = 0, k =
1,.. — 1. Then

1

SO-olr@+2) {105 1 g oy (0 — @)

f F)dx — fx)| <

+ ”D*mf”oo,[xo,b] b _XO)HI}

: I'a+2) max{”Dzo—f”oo,[u.xo]’

||D*xof||oo,[x0qb]} (b —a)”
(4.10)

We also make
Remark 4.5. As before we have (o« > 1)
7@ = 160 = g5 [ e= 277 D2 f) a1

(x —x0)*"

< W/xo |Dg,, f(J)|dJ

(x — xo)a_l
< W || *X() HLl([xo.b]) ’
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That is, we get

(x —xo)*!

170 = el = =i 15y

Similarly we derive (@ > 1)

1o e
0= f0)] = s / (] =) D% _ £(J)] dJ

1 e
= Fay e ﬂi |De_f(D)|dJ
1 _
S F(a)(xo—x)“ l” X(]—fHLI([
That is,
( _ a—1
1160 = £ = SO D8 g ¥ € ol

As before we have

b b
7 [ rwae = ro) < 2 17w - flax

X0 b
- § [ = smias [0 - s

b
(/ (xo — x)%~ 1d)C) “ on—f“Ll([a.XO])

(/ (X —.X())a ]dX) ||D*x0f“L1([X0.b])}
1

T b-al@+1) {(xo a)* | "O_f”h([aw\‘ol)

+ (b — Xo)a “ *xof“L1([X0 b])}

= 0= a)F(Ot)

We have established

Vx € [xo, b).

45

@.11)

4.12)

4.13)

(4.14)

Theorem 4.6. Let « > 1, m = [a]|, and f € AC"([a,b]). Suppose that

f(k)(xo) =0,k=1,.., m—1, xo € [a,b] and D¢
L1([x0,b]). Then

Y-t € Li(la. xo]). D, f €
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b
ot [ e s

1

= (b—a)l(x+1) {(xo D [ D% 1, e

+(b = x0)* | D%y, f ”Llaxo,bh}

1
= F—(CU n 1) max {H on_f”Ll([a xo])’ H *‘CofHLl([xo b])}

“(b—a)* . (4.15)

We further make

Remark 4.7. Let p,g > 1: % + % =lando >1— %. Working as before on (4.3)
and (4.4) and using Holder’s inequality we obtain

(x — x0)*"
|f(X) f(X())| — F( ) (p(O[ 1) ¥ l)l/p H *xOf”Lq([x b)) Vx € [XO, b]
(4.16)
And also it holds
|f(x) = flxo)| < (o= 0" 7 ype g Vx € [a. xo]
T T @ (pla—1) + 1>l/p xo=7 g tlaxod ok
4.17)

We observe that

b
[ e s

=

X0 b
- {/ 7@ = feolar+ [ 17 = o) dx§

(/xo(xo_x)a 1+de)

x||D%_f], o) (/ (x — x0)*~ ‘+pdx) [ Do Sl £, (1o, b])}
(4.18)

b

1
= G—al@(pa—D+ D7

1
(-l @(ple—1)+ DU (o + 1)

1
{(Xo — a)a+ HDvo—f H L, + (b —x0)*"7 ”D*xof”Lq([xo,b])} :

(4.19)

([a.xo])
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We have proved

Theorem 4.8. Letp,q>1:%+$:1,a> 1—%,m= [a], « > 0, and

f € AC™([a,b)). Suppose that f®(xo) = 0, k = 1,..., m — 1, xo € [a,b].
Assume DY _ f € Ly(la, xo]), and D, f € Ly([x0,D]). Then

1
(b -l @pe—1)+ 117 (a+ 1)

=

b
| s = s

1
A L

1
+ (b= D%, £, ([xo,b])} (4.20)

1
<
B T'@)(p(a—1)+ 1)/r (oz + %)

max {” Dgo—f ||Lq([a,xo]) ’

” D:XOfH Lq([xo,b])} ) (b o a)ot—l/q. (4.21)

Corollary4.9. Letp =g =2, a >3, m = [a], « > 0,and f € AC"([a,b]).
Assume f(k)(xo) =0,k =1,...m—1, xo € [a,b]. Assume D;‘Off €
Ly([a, xo)), and D5, f € La([xo,D]). Then

1
(b —a)I(@)2a — 1)1/2 (a + 1)

b
[ s = s <

1
. %(X() —a)*t2 || DS _f ”Lz([a.xo])
1
+ b—x ats3 Doz }
(b= x0) 07 | Ly(xo.b))
1

= F(@)v2e—1(x+ 1)

- max {” DY f I La(fa.xo]) ’

D4 F )

(b—a)r. (4.22)



48 4 Univariate Mixed Fractional Ostrowski Inequalities

‘We further make
Remark 4.10. Herea > 0, a < xo < b. Let

_ (x — x0)%, x € [x0,b],
fx) = (4.23)
(X() _x)a5 X € [av XO]-
See f isin AC™([xo,b]), and in AC™ ([a, xo]).
See that?f)(xo) = 7:]_()()60) =0,k=0,1,..., m—1.
Hence there exists 7(m_l) at xo, also 7(m_]) € AC|a, b].
Thatis, f € AC"|a, b].

We find that
H Df;OjHoo g =@+ (4.24)
and
Hng?Hw oy =T+, (4.25)
Consequently
_ F(Ot + 1)(0( + 1) _ e+l _ a+1
R.H.S. (4.10) = TETECESICES {(xo—a)* ™" + (b —x0)* "'}
- v _oyatt _ et
= 9@ T D {(xo— )T 4+ (b —x0)* '} .

Also we observe that

X0 b
L.H.S (4.10) = ﬁ {/ (xp — x)%dx +/ (x —xo)adx}

_ 1 (XO _ a)a-i—l (b _ xo)a-‘r]

 b—a) { a+1 a+1 }
1

T b-a)a+1)

Therefore inequality (4.10) is sharp and attained.

{(xo —a)* ™ + (b — x0)* ™'} . (4.26)

We have proved

Proposition 4.11. Inequality (4.10) is sharp, in particular it is attained.
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Chapter 5
Multivariate Radial Mixed Fractional
Ostrowski Inequalities

Here we give general multivariate radial mixed Caputo fractional Ostrowski
inequalities. One of them is proved sharp and attained. Estimates are with respect
to |-, .1 = p < oo. This chapter relies on [4].

5.1 Introduction

In 1938, A. Ostrowski [11] proved the following important inequality.

Theorem 5.1. Let f : [a,b] — R be continuous on [a,b] and differentiable on
(a,b) whose derivative f' : (a,b) — R is bounded on (a,b),.e., |f' o =
Supte(a!b) |f/(t)| < 4o0. Then

b
| rwa - s

_ atb)?
= [% * (x(b——é)’z)} b-a) [ f'] . G

forany x € [a, b]. The constant % is the best possible.

Since then there has been a lot of activity around these inequalities with important
applications to numerical analysis and probability.
This chapter is greatly motivated and inspired also by the following result.

Theorem 5.2 (see [1]). Let f € C"t([a,b]), n € Nand x € [a,b)] fixed, such
that f(k)(x) =0, k=1,...,n. Then it holds

1 b ”f(”'H)H (x — a)n+2 + (b — x)”+2
— dy — f(x)| < 0 . . (5.2
b_a/af(y)y f)| = TR ( A ) (5:2)
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52 5 Multivariate Radial Mixed Fractional Ostrowski Inequalities

Inequality (5.2) is sharp. In particular, when n is odd is attained by f*(y) :=
(y = x)"T1 - (b — a), while when n is even the optimal function is

FO) =y —x"""-(b—a), a> 1.

Clearly inequality (5.2) generalizes inequality (5.1) for higher order derivatives
of f.

Also in [2] see Chaps. 24-26, we gave a complete theory of left fractional
Ostrowski inequalities.

Here we combine both right and left Caputo fractional derivatives and produce
Ostrowski inequalities in the multivariate setting for radial functions.

For the concepts of right and left Caputo fractional calculus we use here, we refer
to [3-8,12].

5.2 Main Results

We make
Remark 5.3. 'We define the ball

B(O,R):={xeRY :|x| <RYCRY, N>2, R>0
and the sphere
SV=1i={x e R : x| = 1},

where |-| is the Euclidean norm.
Let dw be the element of surface measure on SV ! and let

27.[N/2
oy = do = ———.
N /SN_I ['(N/2)
For xe RY — {0} we can write uniquely x = rw, where r = |x| > 0 and
o =x/reSN7! |w| = 1. Note that

a)NRN
/ Y=y
B(0.R)

is the Lebesgue measure of the ball. Following [9, pp. 149-150, Exercise 6] and
[10, pp. 87-88, Theorem 5.2.2] we can write for F : B(0, R) — R a Lebesgue
integrable function that

R
/ F(x)dx =/ (/ F(ra))rN_ldr) dw; (5.3)
B(0.R) SN—1 0

we use this formula often.
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Here the function f : B(0, R) — R is radial, that is, there exists a function g
such that f(x) = g(r), wherer=|x|, r € [0, R], Vx € B(0, R). We further
assume that ge AC" ([0, R]) (i.e., g™~V € AC([0, R])), m = [a] ([-] the ceiling
of the number), @ > 0 and g(k)(ro) =0,k=1,.., m—1, ry € [0, R] fixed. We
find by left Caputo Taylor’s formula, [5], p. 40, that

HDg‘l"ogHoo.[ro,R] o
lg(r) — g(ro)| < W(V —19)”, (5.4)

Vr € [ro, R], where D3, g is the left Caputo fractional derivative, [5] p. 38.
Similarly, by right Caputo Taylor formula, [3], we find that

” Dgo—g”oo,[o,ro] (rO _ r)a

I'a+1) ' (53)

lg(r) — g(ro)| <

Vr € [0, ro], where Dy _g is the right Caputo fractional derivative see [6-8].
Next we observe

Joo.r) f()dy
Vol(B(0, R))

= (fOR g(s)sN_lds) dw

Jsn— (foR s ds) do

N R
~ew — 5 [ 05" tas

‘f(row) -

= |g(ro) —

R
|| e - senas

IA

ro R
2 L[5 e =gl + [ ) - (ol

ro

N « Y o
= W HD’O—g”oo,[o.ro]/O s (ro —5)%ds

R
+ 10508l o prory /ro sN_l(s—ro)“ds} (5.6)

N
(o + 1RV

1o
[” D%_g”m’m!m] /0 (ro — S)(a-i—l)—l(s . O)N—lds
+ || D:rog“oo,[ro.R] ) (_1)N_l

X /R((R —5) = RN (s — ro)“ds:|
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_ N D% ] Ple+ DN =D! 4y
(e + 1)RN =S leofon] Mg+ N4+1) °

N—-1 N—1
+ ”D:rog”oo,[ro,R] ) (_I)N_l Z(_l)kRk< k )
k=0

R

x/ (R—s)N_k_l-(s—ro)(“+])_lds] (5.7)
ro

L | AR L LRy
(o + 1)RY =2 leofon] a4+ N 41) °
N—1
N+k—1 pk (N -D!
+ [ D%l o - ;(_1) ATy

(N —k — DT (a + 1)
I'(N—-k+oa+1)

(R _ rQ)(N—k‘HX)]

N . r8t+N
= RN ” Dro—g”oo,[(),ro] ' m
N—1
(_1)N+k—l
+ ”D:rog“oo,[ro.R] ’ (Z K\IC(N +1—k + o)
k=0

x R¥(R — r0)<N—k+a>)}. (5.8)
Hence in the radial mixed case we proved

J0.r) S ()dy

Jrow) = 1 B, R))

N R
- 'g(ro) - v [ g0 as

a+N
N! Ty

<RV [H D8l Fa s N T D)

N—1
(_1)(N+k—1)Rk(R _ ro)(N—k+a)
D? . (59
+ “ *r[)g“OO.[V[),R] (kX:(:) k'F(N T1l-k+oa (5.9)
The last inequality (5.9) is attained by
(s —ro)%, s € [ro, R],

g(s) = { (5.10)

(ro—29)%, s €][0,r0].

Hence g € AC™([ro, R]) and g € AC™ ([0, r¢]).
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See that §ﬁ‘)(ro) = §(f:)(ro) =0,k=0,1,...., m—1.
Hence there exists

2™V at ry, and also g~V € AC([0, R]). therefore g € AC™ ([0, R]).
But we have that
“ Dfo—gnoo.[o,rg] = F(Ot + 1) = ” D(:70§“oo.[ro.R] ’ (5'11)
We observe that
NI’ 1 ot
RHS. (5.9) = M @+D o
RN F'a+N+1)
. N—1 (_1)(N+k—1)Rk(R _ ro)(N—k-Hx)
= KIC(N +1—k + a)
(5.12)

And also it holds

N R
L.H.S. (5.9) = o / 2(s)sV " ds
0

N ro R
= % % [/ (ro —5)%s¥ " ds + / (s — ro)“sN_lds:| (5.13)
0 ro

N [T+ 1)(N-1! , R ) )
ZR_N[ Fazisn o TV I/ro((R—s)—R)N (s —ro) ds}

N [Tt DO 0 e
_RN[ Farizn 0 TCED

5 [f (N - 1) (—1)k Rk /R(R — )N (s - ro)(a+])_lds:|
Pt k ro

N [[(@+ DN —1)!
_R_N[ Fa+1+N)

86+N + (_I)Nfl

N=D! i e W—k= DI (@ +1)
Xg KN k- R(R=r0) I(N—k+a+1) }

RV 2

_NI(@+1) rety &= (~)NVFRIRK(R — )N e
N r@+N+1) 4 kKI(N—k+a+]) ’

(5.14)
proving (5.9) attained and sharp.
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We have proved

Theorem 5.4. Let f : B(0, R) — R which is radial; that is, there exists g such that
f(x) =g(r), r =|x|, Yx € B(0, R). Assume that g € AC™ ([0, R]), m = [u],
a>0,and g®(rg) =0,k =1,...m—1, ry € [0, R] fixed, and

|25,

0.

—gHoo,[O.rg] > ‘ Dzrog”oo.[royR] <

Then (Vo € s¥71)

 Jsomr SOy

Vol(B(0, R)) (5.15)

‘f (row)

N R
g0 = i | gl

a+N
o

!
< | 128t

., N—-1 (_1)(N+k—1)Rk(R _ ro)(N+a—k)
+ ”D*’Og”‘x’-[mﬂ Z KI'(N +a+1—k) '

k=0
(5.16)

Inequality (5.16) is sharp, it is attained by

g(s) = { (s =) s € ro. K] (5.17)

(ro—95)*, s €[0,ro], @ > 0.

We make

Remark 5.5. (continuing Remark 5.3)
We have again (by [5], p. 40)

1 r
€)= 50 = 1 / (r — 1Y\ D2, ¢(J)dJ. (5.18)

Vr € [ro, R].
And (by [3]), it holds

1
g(r) —g(ro) = m/ (J —r)*'DE _g(J)dJ, (5.19)

Vr € [0, ro]. Hence for o > 1 we get

(r = ro* | DS

*rogHLl([ro.R]) ’ (5-20)

1
500~ 800l = s
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Vr € [ro, R]. Also

1
I'(x)

(ro—r)*~"| D¢

’()—g”L]([O,ro]) ’ (.21

lg(r) — g(ro)| <

Vr e [0, ro].
Hence

fB(O,R) f(y)dy

|f (row) == (B R)

N R
= ‘g(ro) - [ g as

N ro R
<o | [ letw = g01as + [ gt - )1 as]

ro

N ) W -
m I:H Dro_g”Ll([OJ‘o])/o SN l(r() _ S) ldS

R
+ || Dirog”L]([ro.R]) (_l)N_1[ ((R - S) - R)N_l (S - ro)a_lds]

(5.22)
- M o F@)  arn—1
- RN T (a) |: H Dro—g”Ll([O,ro]) ’ m 0
N—1
+ ” Dirog“Ll([ro.RD (=1
Ni (CIERE(N — k — DIF(@)(R — o)V ek
=0 KN —k =DIF(N + o —k)
= M lpe g AR
= RN ro—g L1 ([0,r9]) F(O[ I N)
N—1 (_l)N-'rk—le(R . 7‘0)N+a—k—1
+ ||D*rog||L1([r0.R]) : I(X(:] KTV +a—K) . (5.23)

We have proved:

Theorem 5.6. Let f : B(0, R) — R which is radial, that is, there exists such that
f(x) = g(r), r = |x|, Vx € B(0,R). Assume that g € AC™ ([0, R]), m =
[a], @ >1,and g®(rg) =0, k = 1,.... m — 1, ry € [0, R] fixed, and

I Df‘o—gHLl([O,ro]) N Dgrog“Ll([ro,R]) < 0.
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Then (Yo € SN

S0 FO)dy

— N K N—1
N —‘g(ro)—R—N /0 g ()5 ds

‘f(row)—

NI +N—1
< v | 1P| el PN
RN =8l L) " Ta + N) 08 1l Ly (fro. R))

N—1
(_1)N+k—1Rk(R _ rO)N—i-ot—k—]
x (g KIT(N +a — k) ‘ (>-24)

We also make

Remark 5.7. Let p,g > 1:
We have

1,1 i _1
p—i—q 1, with o > 1 e

50) —g00)| = = / (r— 7y |De, g ()| dJ

I /\

]
( —_
o )( _J)rte 1>dJ) [F2N 3 P

— 1
_ 1 (r— l’o)(a D+, ”D"‘ ”
(o) (pla—1)+ 1)l/p *ro8 1L, (1r0.R)) *

(5.25)

That is,

1
(r —re)* VF7

I'(@)(pla—1)+1l/r ” Dirog”quro,RJ),

lg(r) — g(ro)| < (5.26)

Vr € [ro, R]. Also we have

1 "o
£0) =80 = o5 [ = D5 ()]0

— 1
1 (ro—”)(a D+ ”Da H
= T@ (pla— 1)+ e o8l

(5.27)

Vr € [0, ro]. Consequently we obtain (Vo € SV~1)

Js0.r) F()dy

Vol(B(0, R)) (5.28)

'f(row)—

N R
- ‘g(ro) - fo g(s)s"ds
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N o R
2 | [ e = goas + [ g - 2ol 0]

N a Y (@=D+%
= T(@)RN (p(a —1) + Dl/» I:“ Dro—g”Lq([O,ro]) '/0 s (ro =) rds

R 1
_ _ @D+ L
+ [D5gl L, oy DY / (R—3) =RV (s = 1r0) "ds]
ro

(5.29)
. v - (N — DT (a+§)
F@)(ple = 1)+ D77 RY [T heaonh = p (y 4 g 4 1)
N+a+i-1
X [ ” rog”L +([r0.R]) Z k'(N k 1)'( 1)N+k 1 Rk
1
‘(N —k-br (oz + F) (R — rg)V et it
r(N-k+a+li)
NI’ (oa + ) r(J)VJra 1/q
= Faa—n+ Ry | 1Po-glean r(N+o+i)
N—1
(_1)N+k—le(R _ r0)(N—k+a—1/q)
+ |D . 5.30
” *r0g|}Lq([r0$R]) ]{2:(:) K (N k Lot %) ( )

We have established

Theorem 5.8. Let p,q > 1:2+1 =1, « > 1-1, [a] =m.Let f:B(0,R) > R
which is radial, that is, there exists g such that f(x) = g(r), r = |x|, Vx €
B(0, R). Suppose that g € AC™ ([0, R]), and g®(ro) =0, k =1,..., m—1, ry €
[0, R] fixed, and

o | Ly(ro.R) = O

”D g”Lq ([0.r0]) ° | Dy
Then (Yo € SN71)

Soo.r) F()dy
Vol(B(0, R))

N R _
=‘g(ro>—ﬁ fo g(s)sVds

'f(row) -

NI <a+ )
~ I'(@)(p(a—1)+ 1)/PRN | 'O—g”Lq<[0rol>
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_1
rN+ot 7
0

x I'(N +a+ %) *l Dirog“Lq([roqR])

Nl (L )N+k-1 RE(R — ro)(N—k+a—$)
Pt k!F(N—k+a+§)

(5.3

We give
Corollary 5.9. Leta > 1, [a] = m, f : B(0, R) — R is radial, with g : f(x) =

g(r), r = |x|, Yx € B(0, R). Suppose g € AC™([0,R]) : g% (ro) = 0, k =
1,.., m—1, rg € [0, R] fixed, and
I Dgo—gHLz([o.rO]) ) ‘ D:rog“Lz([ro.R]) < 0.

Then (Vo € SV71)

S0 FO)dy
Vol(B(0, R))

N R
= 200~ 5 [ #0057 as

‘f (row) —

NIT(o + 1)
=T (Ol)«/Za——iRN [” D8l o)

N+a7%
"o
T (N+a+73) + [ D%s] La(lro.R)) *

y (/f (_1)N+k—1Rk(R _ r())(N—k+a—é)>i| .

(5.32)

P KID(N =k +a+1)
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Chapter 6
Shell Mixed Caputo Fractional
Ostrowski Inequalities

Here we present general shell mixed Caputo fractional Ostrowski inequalities, radial
and nonradial cases. One of them is proved to be sharp and attained. Estimates are
with respect to [|-|| ,, 1 < p < co. This chapter is based on [4].

6.1 Introduction

In 1938, A. Ostrowski [11] proved the following important inequality.

Theorem 6.1. Let f : [a,b] — R be continuous on [a,b] and differentiable on
(a,b) whose derivative f' : (a,b) — R is bounded on (a,b), i.e, || =

sup |f/ ()| < +oo. Then
te(a,b)

a+b

L B
5[4+ Gy } b-a)|f,. ©D

1 b
|m/ f 0= @)

for any x € [a, b]. The constant % is the best possible.

Since then there has been a lot of activity around these inequalities with important
applications to numerical analysis and probability.
This chapter is greatly motivated and inspired by the following result.

Theorem 6.2 (see [1]). Let f € C"*! ([a,b]), n € Nand x € [a,b] be fixed, such
that f(k) (x) =0,k =1,...,n. Then it holds

1 b f(n-‘rl) X —a n+2 +((b—x n+2
— roray— |2 L e (=04 G-
b—al, (n+2)! b—a
(6.2)
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Inequality (6.2) is sharp. In particular, when n is odd is attained by f* (y) :=
(y — x)" 1. (b — a), while when n is even the optimal function is

) =ly—x""(b-a), a>1.

Clearly inequality (6.2) generalizes inequality (6.1) for higher order deriva-
tives of f.

Also in [2], see Chaps. 24-26, we gave a complete theory of left fractional
Ostrowski inequalities.

Here we combine both right and left Caputo fractional derivatives and produce
Ostrowski inequalities in the multivariate setting of a shell for radial and nonradial
functions. A nonradial case ball result is given at the end of the chapter. For the
nonradial case results we use the left and right fractional radial derivatives. For the
basic concepts of fractional calculus used here, we refer to [3,6-9, 12].

6.2 Main Results

We make

Remark 6.3. Let the spherical shell A := B (0,R;) — B(0,R;),0 < R; < Ry,
A C RN, N > 2, x € A. Consider that I ‘A — R is radial, that is, there exists
g such that f (x) = g (r),r = |x|,7 € [R1, Ry], ¥V x € A. Here x can be written
uniquely as x = rw, where r = |x| > 0andw = 7 € SN w| = 1, see ([10],
pp. 149-150 and [2], p. 421), furthermore for F : A — R a Lebesgue integrable
function we have that

/:4F (x)dx = /SN_I (/I:Z F (rw) rN_ldr) dw. (6.3)

Let dw be the element of surface measure on SV~! and let

(N4

w —[ dw = 2
e T T EY

— “)N(Rév_R{v) m :
Here Vol (A) = ———"~, and we suppose that g € AC™ ([Ry, R2]) (i.e.,

gD e AC ([R1, Ra])), m = [a] (-] ceilling of number), @ > 0, and g®
(r()) =0, k = 1,....m—1, ro € [Rl, Rg] .
We get by [6], p. 40, that

1 r
€)= (0 = 7o / (r — 1Y D% g (J)dJ. (6.4)
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VY r € [ro, Ry], where D:rog is the left Caputo fractional derivative of order o, see
[6], p. 38. And, by [3],

1
(=g = 7rs / (J =)' DY _g(J)dJ, (6.5)

(where Dy _g is the right Caputo fractional derivative of order «, see [7-9]),
Vr e [Rl,ro] Here assume D, g € Loo ([ro, R2]) and Dy _g € Lo ([R1, 7o)

*rQ
We obtain
g0 —g ol < L= pe g 6.6)
ST E Tt Pl '
Vre [ro,Rz] and
(g0l = 0D | pe g ©D
lg(r)—g(ro)| < - — T@+1) ro=8 ll oo [Ry o] * '

VY r € [Ry, ro] . Next we observe that

[of dy| N ko No1
'f (row) — T(A)’ = ‘g(ro) - (w) /R1 g(s)s"ds

N ke
~(m)lf, s -sonee
N

R
()
_(Rév—RlN) R

N "o
_(Rév_R{V){/Rl

N 1 a N—1
S(Rév RY 7) e 1Pl [ om0 s

Ry
108l gy [ 6o s e s
ro
(6.9)

g (ro) — g ()| s"~'ds (6.8)

R>

g (ro) — g ()] s¥ds + [

ro

(o) — g (s>|sN—‘ds}

Here we calculate

ro ro
I = / (o =955 = [0 =9 (s = R+ ROV s
R Ry

1

N-—1 o
k= Ri

N—1

(=]

(N=D! L@+ DN kD!

—R ot+N—k.
N kDI Tarisn—f o k)

k=0
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That is,
N—1 —k
RE (ro—Ry)* ™
=(N-D'I" 1 1 ) 6.10
V-1 (a+)k2=(:)k!1“(a+1+N—k) (6.10)
Also

Ry Ry
L = / sV (s —r)¥ds = (—=D)V ! / (Ry—5) — R)V ™' (s — rg)* ds

ro

Ry

. N—1 k (N—k)—1 (@+1)—1

— (1) Zk,( 1),< DFRE [ (Ry—s) ¥ =071 (s— gy @+ D=1 g
N—

Ntk—1 pt N —k = D" (@ + 1) N—k+a

R Ry — .

2:: '(N k 1)'( D TN —ktagn Kemr)

That is,

)N+k—1 Rlzc (R2 _ rO)N—k+a
KIT(N —k +a+1)

N (_1
=N -DIM(@+1) E (6.11)
k=0

Consequently we obtain

N!
(*):(RZN—RIN)

N-l QN
RE (rg—Ry)* TV *

||Df§—g||oo,[kl,rol ];0 K\l (@ +1+ N —k)

) ( l)N+k—1 Rk (R2 _ rO)N—k-‘r(x
+ HD*’Og“wv[rO’Rzl kX_(:) k\I' (N ik +a+1)

(6.12)

So far we have proved that (V w € SN-1

[of dy| N f N—1
o= = - (), s

N!
< -
‘(RZN—RlN)

N—1

. Rk (rO_Rl)a-i-N—k
HDro—g”oo,[Rl,ro] (kgo k!]"l((x +14+N—k)

N— N+k—1 pk N—k+ao
(—1) RS (Ry—r9)
+ HD*rogHoo,[ro»Rﬂ(Z ki (N2—k+a+1) )}

k=0
(6.13)
Inequality (6.13) (a > 0) is attained by
_ (s —ro)*, s €lro, R,
g(s) = o (6.14)
(ro—25)", s €[Ry,10].
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Here g fulfills all assumptions and

| D 7g||m7[Rl,r0] = | Dg,, g“oo.[m’Rz] =T (ax+1). (6.15)
Hence
N f N—1
L.H.S. (6.13) = —/ g(s)s" ds
Rév - R{v Ry
= L |: " (ro—s)* sV 'ds + * (s —ro)* SN_ldS]
Rév - R{v Ry ro

N N—1 le (rO_R])a+N—k
T RY R} |:(N_1)!F(a+l)(k2=(:)k!1“(a+l+N—k)
+(N=DIT @+ 1)

y N—1 (_1)N+k—1 RIZ( (R2 _ rO)N—k-HX
KIT(N —k +a+1)

k=0
NI N-l le (rO_Rl)oH-N—k
- (Rgv—RlN) [(”‘”1)) (;)er(aﬂwv—k)
+ (I (@ + 1))

§ (N—l (—1)N+h=1 RE (R, _rO)N—k+a):|

KT (N—k+a+])

= R.H.S. (6.13), (6.16)

proving it attained and sharp (6.13).
We have established

Theorem 6.4. Let f : A — R be radial, that is, there exists g such that f (x) =
g(r),r=|x|,Vx e A oe S\ Assume that g € AC™ ([Ry, Ry]), m = [a],
a > 0, and g% (ro) = 0 (ro € [R1. Ry] fixed), k = 1,...,m — 1, and D _g €
Loo ([R1,70)), D%,,& € Loo ([0, Ra)). Then (VY w € SN71)

[ f Ddy| N f N—1
'f(l’ow)— W‘ = 'g (ro) — (W) /Rl g(s)s™ds

N!
< -
(@ w)

N—1 R (ro—R)*VF )

HD%—g”oo,[Rl.ro] (kg(:) kK'l'(+14+ N —k)

+||Da || NX_:I (_1)N+k—1 Rlzc (R2 _ rO)N—k+a
*rog 00,[ro.R>] = k\r (N “k+ta+ 1) .

6.17)
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The last inequality (6.17) is sharp, that is attained by

(s —ro)*, s €[ro, Ro],

o(s) ;= o (618)
() (ro—29)", s €[Ry,19].
We need to make
Remark 6.5. Let o > 1. We get easily by (6.4) that
(r—ro)* ",
|g (r) -8 (rO)l = Ta) HD*VOgHLl([rO,Rz]) s (619)
Y r € [ro, Ry] . Also by (6.5) we find that
(ro—r)*""
|g r—g (r0)| =< W HDfO_gHL]([R]JO]) s (6.20)
Vre [Rl, r()]
Here we suppose ||D*,0g||Ll([r0 R’ ’Df‘o_gHLl([Rl,ro]) < 00.
Then it holds
LS Ody| _ N /Rz Ve
- — d
‘f(row) Vol (4) g (ro) — RY—RY [y, g(s)s s
N ke N—1
= R —RY) [, lg (ro) — g (s)] "~ ds (6.21)

N ro R
Z(W) { /R g o) g 9] 5" s + / g () —g (s>|sN—1ds}

0

N 1 . -
S(Rév_R{V) I () {HDrO_gHLl([Rl.ro]) (/ (ro—s) L oN= lds)

R
+|Dg rog”Ll([ro Rz])/ (s —ro)* ' s"™ 1dS}

NI
()

N— N+k—1 pk N—k+a—1
(=D R3 (Ry—ro)
+ ||D*rogHL1([r0.R2]) X (Z k!'I' (N—k+a) - (6.22)

R (r() R)(X+N —k—1
1%l (e
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We have established

Theorem 6.6. Let f : A — R be radial, that is, there exists g such that f (x) =
g(r),r=|x,Vxed weS" ' Assume that g € AC™ ([R1, Ra]). m = [a],
a>1,andg® (r)) =0,k =1,...,m—1:7r¢ € [Ry, Ry] be fixed. Assume D _g €
Ly ([Ry, o)) and D5, g € L ([ro, R2]). Then (Y w € SN=1) we get

d R2
o =L ) (e ) [ 6050
2 1 1

N!
< —-r
(RéV—R{V)

NZl Rk (ro—Rl)OlJrNiki1
“ Dgo—g”LM[Rl,ro]) (Z lk‘F ((X+N—k)

k=0
e N— 1)N+k le (R> —ro)N —k+a—1
+ ” *rog”Ll([ro.Rz]) Z k' (N—k+a) '
(6.23)
We continue with
Remark 6.7. Let p,g > 1: % (17 =1« >y . Then by (6.4) we derive

1

1 r
() =g ()] = 7 (/ (r—J)”‘“‘”dJ) 1258 gy 624

V r € [roR;] . That s,

r—ro)!
lg (r) — g (ro)| < 208 o) (6.25)
0 T @) (pla—1)+ ), H ”L,,[ORZ])
V r € [ro, Ry]. Similarly by (6.5) we obtain
(ro — ”)a_1+% o
80 =8 (0l = g 1258l qiep > (626)

D+ 17

¥V r € [Ry,ro]. Here we assume that DY,
Ly ([Ry.70]) .
Hence we derive

S f ()dy
Vol (A)

g € L ([7’0,R2]) and DIO g €

‘f (row) — (6.27)

N ko N-1
= —_ —_— _d
‘g(ro) (RzN—RlN)/RI g(s)s7ds

N Ry .
_ (W)VR (¢ (ro) — g () sV ds
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N Ry
: (W) /R g (r0) — g ()] s "ds
N 70 R
B (W) %/R g (r0) — g ()| s"ds + / g (r0) = g ()] V' ds
< ( N ) 1 .
TR R r@p@-n+ 1

R
ro 1 B
X { “ Dfi)—gHL,,([R],ro]) (/I;1 (ro — s)“ 7 gV lds)

Ry ,

+ H DZrOgH Lq([’O,RZJ) / (S — ro)a_q leds} (628)

N
(RY = RY) T @) (p@—1)+1)7

o 1
R A P G (a -, 1)
= RE(rg—Ry) TN

X
k=ok!F(a—§+1+N—k)

o 1
+ HD*rOgHLq([ro.Rz]) (N =D (05 - 5 + 1) .

N—1 _ _ 1
(5 0 R e

= kM (N—k+a—141)

‘We have established

Theorem 6.8. Let p,g > 1 : % +5 =1L Letf: A — R be radial, that is,
there exists g such that f (x) = g(r), r = |x|, ¥V x € A; o € SN~'. Assume that
g € AC" (R, R]), m = o], & > éandg(k) (ro)) =0, k=1,...m—1;ry €
[R1, Ro] be fixed. Suppose also Dy _g € Ly ([Ri,ro]) and D, g € Ly ([ro, Ra)).
Then (Yw € SN we obtain

Ls0e o

Vol (A)

N Ry -
Jew - (rZap) e

‘f(row)—
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F(ot—l—%)N!
T @ (RY =RV (pla—1)+1)7

N—1

RE (rg—Ry)* "1 N H
x| Dy g r :
” 0 ”Lq([Rlv()]) kg()k'r (Ol—i—%‘i‘N_k)

N+k—1 N—k+a—1
HEURE(Ry — o)V T

N—1 (_1)
+ 110581
” *rQ ||Lq([0,R2]) k2=(:) kuw(N_k_’_a_}_%)

(6.30)

‘We mention

Corollary 6.9 (p = ¢ = 2 case). Let f : A — R be radial, that is, there exists
g such that f(x) = g(r), r = |x, Vx € A o € SN\ Assume that
g € AC"([Ri.Ro). m = [al,a > Sand g© (r)) =0,k = 1,..m—1;
ro € [R],Rz]. Suppose Dgo_g € L2 ([R],r()]), D¢ g € L2 ([ro,Rz]). Then

*ro
(Yo € SN

Lo f dy| N ke N1
‘f(row)——VOZ(A) ‘—'g(rw—(—RzN_R{v)/Rl ¢ (5)s"ds

_ I (a+3)N!
T I (@) (RY = RY) Qo — 1)}

D NZ_I R} (Vo—Rl)a_%+N_k
<1 I’o—g”Lz([RIJO]) — k\r (¢+ 4+ N—k)
e, (5 R
*r08 || Ly (1ro.R2)) ~ kK\C (N =k +a+3) .
(6.31)

Finally we deal with nonradial L, Ostrowski inequalities on the shell.
We need (see also [2], p. 421)

Definition 6.10. Let F : 4 - R, a > 0, m = [a] such that F («w) €
AC™ ([R1, R2]), Y @ € SN~!. We call the Caputo left radial fractional derivative
the following function

3 F (x) 1 r L "F (tw)
*ro = _ pym—a—l 32
are I (m—a) /,0 (r=1) arm dr, (6.32)

where x € A, thatis, x = rw; r,ry € [R1, Ry], ro is fixed, w € SN71, ¥V r > r.




72 6 Shell Mixed Caputo Fractional Ostrowski Inequalities

Clearly
9%,,F (X)
F o
%y (x) FE®  rgen (6.34)
ar¢ ar¢

The above function exists almost everywhere for x € A.
We also need

Definition6.11. Let F : 4 > R, a > 0, m = [a] such that F (w) €
AC™ ([Ry, R2]), Y @ € SN~!. We call the Caputo right radial fractional derivative
the following function

#_F(x) (=" ot "F (Jw)
are ‘_r(m—a)/ =) aJm g 4

, (6.35)

where x € A, thatis, x = rw; r,ry € [R1, R3], rg is fixed, w € SN=L Y r <.
Clearly
W_F (x)
a0
0% _F (x 8°‘F
F0) (e PEE)
are

The above function exists almost everywhere for x € A.

=F(x), (6.36)

ifa e N. (6.37)

We need to make

Remark 6.12. We treat here the general, not necessarily radial, case of f. We apply
Theorem 6.4 to f (rw), o fixed, r € [Ry, R,], under the following assumptions:

f(w) e AC"([R;,R]), YV w € SN_I,a > 0,m = [a], where f : A - R
; ak{, k = 1,...m — 1, vanish on dB (0, ry), ro is fixed
in [Ry, Ry]; and *'Oa € B (j (bounded functions), where A, := B (0, Ry) —

B (O ro) and o € B (@, where A, := B (0,r9) — B (0, R;), along with
-/ () € Loo ([R1.r0]). D%, f (@) € Loo ([ro. Ra]) .V 0 € SN
Then Yowe SVThH

is Lebesgue 1ntegrable

f (row) N sz(Sw)SN_lds
0 Ré\l — R{V R
o N—1 o —
< N! 9 Z R (ro—R1) N
— RéV—R{V ar® o s k'F((¥+1+N_k) 00,41

Nl N+k—1 pk Nkt
=D R (Ry = 19) _.
" (kz:(:) kK\II'(N —k +a+1) )§ =1 (6.38)

*rof H
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Therefore
B T i arrd A AR L
That is, @
% / £ (row) dow — fAVJ;I(Z;lx <A (6.40)
Therefore it holds for x € A that
‘f(ﬂ—%‘ < ‘f(X)— % / f(row)dw| + Ay (6.41)

We have proved the following.

Theorem 6.13. Let f : A — R be Lebesgue mtegrable with f («w) €eAC™
([R1,R2]), @ > 0,m = [a], Vw € SN-1. %r{, k = ...m — 1, vanish on
0B (0.70) . ro fixed in [Ry. Ro]: and =50 e B (A7), 'g;f € B (A_g) along with

,O_f (w) € Loo ([R1,70)), DE,, f () € Loo ([ro, R2]), YV @ € SN=1. Then for
x € A we have

d M
‘f(x)—%‘i‘f(x) 2% / f (row) do

B ( N! ) Ji‘ R (ro—Ry)* TN+

~\RY - R} voty \ = KIT (@ + 14+ N —k)

*,of H % DR Ry — ) T |
o\ KT (N—k+a+1)

(6.42)

o _f
are

We also make

Remark 6.14. Let f : B(0,R) — R be a Lebesgue integrable function, that is,
not necessarily a radial function. Suppose f (-w) € AC ([0, R]),Y w € SN~1,0 <
a < 1;r9 € [0, R] fixed, Dy _ f (w) € Loo ([0, r0]), D, f (@) € Loo ([ro, R]), V
weSs N- ! We further assume that

| DY f (1) ”oo(zE[O rol)’ | D%, f (tw) ”oo.(ze[ro,R]) <K VoesS' (643

where K > 0.
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By inequality (16) of [5], applied on f (-w),VY w € SV, we get

'f("ow - %/ORf(sa))sN—‘ds

- N'K r(())é+N N—1 (_1)(N+k—l) Rk (R _ ro)(N+Ot—k) . )L
= RN |T'(@+N+1) KIC(N +a+1—k) S
(6.44)
Therefore it holds
- d N R
fSN 1 [ (row) do _ / / f (sw) sV lds | do| < X, (6.45)
wN RNwy Jsv—1\Jy
That is, we find
r x) dx
(i) £ (row) do — Jnom /0 d¥ <A (6.46)
272 JsN-1 Vol (B (0, R))
Consequently we derive
fB(o r S (x)dx r (%)
_ O T < — d Ar. (647
|f(x) Vol (B(O.R)) | = /) P SN_lf(row) |+ Az (6.47)
We have proved

Theorem 6.15. Let f : B(0,R) — R be a Lebesgue integrable function, that
is, not necessarily a radial function. Assume f (w) € AC ([0,R]), R > 0,
Vo e S0 < a < 1,10 € [0.R] fixed, Df_f (®) € Lo ([0.r0)),
DS, f (o) € L ([ro.RD) .V w € S¥7\.
Suppose also H Dy _f (tw) ||
SNl where K > 0. Then

0. (t€[0.r0]) ° HD*zof(“")”oo(ze[ro g =K Vo e

fB(o,R) S (x)dx
Vol (B (0, R))

r(3)

N
2

S (rw) do

2 SN—1

‘f(X)— |§‘f(X)—

N'K rety NZD Ly V=D Rk (R — gy (N Fe=h)
RV |T@+N+1) TN o +1-0) :

(6.48)
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Chapter 7
Left Caputo Fractional Uniform
Landau Inequalities

Here we present left Caputo fractional uniform Landau-type inequalities. We give
applications and we recover the original Landau inequality on R4. This chapter
relies on [3].

7.1 Introduction

Let p € [1,00],I = Ry orl = Rand f : I — R is twice differentiable with

Lo f"eLyI), then f' € L,(I).
Moreover, there exists a constant C, (/) > 0 independent of f, such that

1L s < Co(D AT ILF7IYS (7.1)

where || - || 5.7 is the p-norm on the interval /, see [1,4].
The research on these inequalities started by E. Landau [10] in 1914. For the case
of p = oo he proved that

Coo(R4) = 2 and Coo(R) = V2 (7.2)

are the best constants in (7.1).
In 1932, G. H. Hardy and J. E. Littlewood [7] proved (7.1) for p = 2, with the
best constants

C(Ry) = V2 and G(R) = 1. (7.3)

In 1935, G. H. Hardy, E. Landau, and J. E. Littlewood [8] showed that the best
constant C, (R4 ) in (7.1) satisfies the estimate

Cp(Ry) <2for p €[l,00), (7.4)

which yields C,(R) < 2 for p € [1, 00).

G.A. Anastassiou, Advances on Fractional Inequalities, SpringerBriefs in Mathematics, 77
DOI 10.1007/978-1-4614-0703-4_7, © George A. Anastassiou 2011
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In fact in [6] and [9], it was shown that C,,(R) < V2.

In this chapter we prove fractional Landau inequalities with respect to || + ||co
involving the left Caputo fractional derivative.

We need

Definition 7.1 ([5], p. 38). Let v > 0, n = [v] (]-] the ceiling of the number),
f € AC"([A, B]) G.e., £V € AC([A, B]), A, B € R).
We define the left Caputo fractional derivative

v o 1 * _ p\n—v—1 r(n)
DLy f(0) = s [ =0T O (kA BL 39
and
D, f(x):=0, ifx < A.

Here I' is the gamma function.

Definition 7.2. Let0 <v <1, f € AC([A, B]) we define

1 X
DY, f(x) = m/A (x =) f'()dt, (V) x €[4, B]. (7.6

Notice
D!, f = f", forn eN.
We make
Remark 7.3. Let f/ € AC([A, B]),0 < v < 1,then [v+ 1] = 2, and

v / — ! ) TV !
Diaf (x) = F(l—v)/A (x =)™ f"(t)de
1 X
= Fa—ray [, T Oa = D,

Hence it holds
Dy, f'(x) = Dy f(x). (1.7)

7.2 Main Results
From [2], p. 618, Theorem 26.8 there we obtain

Theorem 7.4. Let0 < v < 1, A,B € R, A < B, f € AC([A, B)]). Suppose
D, f € Loo([4, B)).
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Then

1D} 4 f loo.a.8)

B
/A Fs - )| < 2k

l v
)m (B — A)". (7.8)

We make

Remark7.5. Let0 < v <1, A,B € R, A < B, f' € AC([A, B]). Suppose
D!, f" € Lo([A, B]).
Then by (7.8),

o o] = 1Lt oo an .
/A S (x)dx — f1(A)] < W(B—A) . (7.9

1
e
The above are equivalent to next statements.
LetO <v < 1,4,B € R, A < B, f € AC*([A, B]). Assume D't f €
L ([4, B)).
Then

Dv-‘rl o
(B~ ) - | < AP Tt g gy g )

'(v+2)
Hence
/ 1 - DI flloo.a.81 )
IS D] = g1 F(B) = f(4)] _W(B—A) : (7.11)
We make

Remark 7.6. Let0 <v <1,A4,b € Rwith f € ACZ([A,b]), V)b > A.

We fix A. Assume DU f € Loo([A, +00)), thus DU f € Loo([A, B)).
Let A < a < b. Then f € AC?*([a,b]) and D'T' f € Loo([a, +00)) and in
particular DY f € Loo([a, b]).

Here

1 X
D0 = Frmy f (x =07 f"(0)dr. (7.12)

If f”(¢t) > 0a.e., then

—1 ' Vg 1 * —v g
F(l—v)/;(x_t) S (t)dtzm/a (x—0)7"f"@)dt,  (7.13)

1.e.,
Dy f(x) = DL f(x) =0,

a.e., forx >a > A.
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Therefore it holds

1 1
00 > [IDYE! flloofa. +00) = DY flloosa, +o00)-

So it is not strange to suppose that

1 1
1D flloofa, +o0) = IDLE" flloo.ta, +00)s

(V) a > A (it is obvious when v = 1).
We also make

Remark 7.7. Leta,b € [A, 4+00), a < b. Then as before we obtain

Dv+l s
IDsa " f lloo.fa.by b—a

/ 1 v
@] = 5=, 1) = f@] + =52 )"

We also assume that
[/ Nloo. (4.400) < 00.

Therefore

201f oo, (44000 |, I1P3A" flloo, 4,400)
/ < > 1A, *A > 1A, bh— v
)] = =t o) b —ay,

(M)a,b € [A,4+00), a < b.RH.S. of (7.17) depends only on b — a.
Consequently, it holds

2[| flloo. 4.100) | I1PvA" flloo. (4,400
b—a r'(v+2)

(b—a)".

£ lloo. [A+o0) =

We may callt = b —a > 0. Thus by (7.18),

/ <
£ oo, [4.400) < ; + o1
Call
=2l flloo. [4.400)s
6= ”Dijlf”oo [A,+00)
' r'(v+2) ’

both are greater than 0.
We consider the function

y(l):%+9t”,0<v§1,t>0.

2 DU+1
1/ oo 4000 | 1Dics S llow. 14 o0) 0 (V)1 > 0.

(7.14)

(7.15)

(7.16)

(7.17)

(7.18)

(7.19)

(7.20)
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‘We have “
y'(@) = -3 + v =0,
then "
v—1 __
VOt = t—z,
and
vetv+l = U,
that is,
= N
Vo’
with a unique solution
o\ /D)
to := teritno = (w) .
We have
y'(t) = —put™ +v0t" " and
y'(t) =2ut™ +v(v —1)0" 2.
We see that

—3/(v+1) t
y//([()) = 2/110_3 + U(U —_ 1)9[6)_2 = 2“ (i) + U(U _ 1)9 (%) (w+1)

vo

= (%)—3/@“) (2,u +v(v—1)0 (%))

=3/(v+1)
= (%) w4+ v—1)>0.

Therefore y has a global minimum at

; (l‘l’ )1/(U+l)
0= Y ,
which is
_ R ()T
y(t()) - (%)1/(v+l) +0 (VQ)
1/-1;—1
= oot By F
WO e T
-2
— (vg)l/(v+1)ul—u-}-1 + w

81

(7.21)

(7.22)

(7.23)

w+H=3

(7.24)

(7.25)
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1 —v 1 1 —v
:vv—}—lev-l—luv-i»] +9u+lvv+‘1uu-“i—l :0\)4—1/\1)1;-‘;»1 (VU+1 +Uv+ll)

1
:(qu)ﬁlq (vv—}rl_i_ . ):(QM\))”II—\;
p v+l pvFi
1 —v
= ouy7h D gy o+ o, (726)
pvt+i
That is,
b o+ 1 (0)
y(to) = (Op")+1 (v + v Wi/, (7.27)
Consequently

1
Dv+1 v+1) L, L
y(lo) _ (” *a f”oo [A,+oo)> . (2||f||oo [A.+oo))(“+l) (v + l)v (H_,).

I'(v+2)
(7.28)
We have proved that
/ yANGEY 1
17 oy < 0+ 1) () P+ 27
R 1
(ILf lloo. 14.400) ™57 (IDXF" S lloo. 14-400)) **7 - (7.29)

We have established the following result, left Caputo fractional Landau inequal-

ity for || - ||co:

Theorem 7.8. Let0 < v <1, A, b € Rwith f € AC%([A,b]), (V) b > A, where
A is fixed. Assume || f ||oo, [4,400) < 0O, D:le € Loo([A, +00)), and

IDYF fllos, a0y < IDUE! flloo, tato0y. (V) a > A.

Then

, 2\ @0 1
17l 1y = 0 1 (2) 7 (0 2y

v _1
(I1/ Nloo, t4.400) 0 (ID2F" fllos, 1 400) “F7 (7.30)

In the assumptions of last Theorem 7.8, for A = 0 we get

Corollary 7.9. Let0 <v <1, f € AC?([0,b]), (Y) b > 0. Suppose || f | . Ry <
00, D:(‘)Hf € Loo(R4), and

ID%" flloo, atoo) < IDYG " flloo, Ry (V) @ = 0.
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Then
(=]

[ f lloo. Ry < (v +1) (%) ! (I'(v + 2))—ﬁ

v

1
(1f lloo. &) 7 (103" £ lloo, Ry ) 7 (7.31)
When v = 1 we get

Corollary 7.10. Let A € R, f € AC*([A.b]), (¥Y) b > A. Assume f. f" €
Loo([A, +00)).
Then

1

1 1
1f oo, 14.400) = 201 f oo, (at00) 1 oo, (4400 (7.32)
Also when v = 1 we get

Corollary 7.11. Let f € AC?*([0,b]), (Y) b > 0. Suppose f. " € Loo(Ry).
Then

1 1
1 oo, ks < 207 1,y 17710, v (7.33)

which is the Landau [10] inequality, where 2 is the best constant.

7.3 Addendum

Let g € C2([0, R]), R > 0. Using integration by parts we obtain

R
/0 ¢"(s)sds = Rg'(R) — g(R) + g(0). (7.34)

If g € C3([0. R]), R > 0, then similarly we get
R
/ 2@ (s)s%ds = R?g"(R) —2Rg'(R) + 2g(R) — 2g(0). (7.35)
0

For g € C*([0, R]), R > 0, we find

R
/ gW(s)s’ds = R®¢®(R) —3R?’¢"(R) + 6Rg'(R) — 6g(R) + 6g(0), (7.36)
0

etc.
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Chapter 8
Left Caputo Fractional L ,-Landau-Type
Inequalities

Here we present left Caputo fractional L ,-Landau-type inequalities and we give
applications on R . This chapter relies on [3].

8.1 Introduction

Let p € [1,00], I = Ryorl =R, and f : I — R is twice differentiable with
f.f" e L,(), then f’ € L, (I). Moreover, there exists a constant C,, (/) > 0
independent of f, such that

1,0 < Co DI ]2, - @®.1)

where |[|-||, ; is the p-norm on the interval 7, see [1,4].
The research on these inequalities started by E. Landau [10] in 1914. For the case
of p = oo he proved that

Coo (R4) =2 and Coo (R) = V2 (8.2)

are the best constants in (8.1).
In 1932, G.H. Hardy and J.E. Littlewood [7] proved (8.1) for p = 2, with the
best constants

G (Ry) = v/2,and G, (R) = 1. (8.3)

In 1935, G.H. Hardy, E. Landau, and J.E. Littlewood [8] showed that the best
constant C,, (R ) in (8.1) satisfies the estimate

C,(Ry) <2,forp e[l,o00), (8.4)
which yields C, (R) < 2 for p € [1, 00). Infact in [6] and [9], it was shown that
C,(R) < V2.

G.A. Anastassiou, Advances on Fractional Inequalities, SpringerBriefs in Mathematics, 85
DOI 10.1007/978-1-4614-0703-4_8, © George A. Anastassiou 2011
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In this chapter we give fractional Landau inequalities with respect to [|-|| ,, p > 1,
involving the left Caputo fractional derivative.
We need

Definition 8.1 ([5], p. 38). Let v > 0, n = [v] ([-] the ceiling of the number),
f € AC"([A, B)) (e, f"V e AC ([A,B]). A, B € R). We define the left
Caputo fractional derivative

v . 1 ! _ p\n—v—1 r(n)
DLf 0= s [ G0 0w 69)

Vx e[A, B],and D}, f (x) :==0,if x < A. Here I" is the gamma function.
Definition 8.2. Let0 < v < 1, f € AC ([A, B]), we define

DYf (x) = / (=07 f (1), (8.6)
VY x €[4, B].
Notice D}, f (x) = ™ forn e N.
We make

Remark 8.3. Let f’ € AC ([A, B]),0 <v <1, then [v + 1] =2, and

v 4 — ; * A e e/
Dot () = s [, =07 S

_ 1 N 2—=(+D—=1 g oyl

= ooy [ G0 = D .
Hence it holds

Dy f (x) =D f(x). (8.7)

8.2 Main Results
We need
Theorem 8.4 ([2], p. 620). Let p.g > 1 : 1 + L1I-1<v<1 fe

L —
p q P
AC ([A,B]), A, B € R, A < B. Assume D} , f € L, ([A, B]). Then

|D2af| Lg([4,B)

ro(po-1n+1r (v+%)

B
e G TIE
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‘We make
Remark8.5. Let p,q > 1: 4+ 5 =1,1—4 <v <1, f' € AC ([4, B]),
A,B e R, A < B.Suppose D}, f' € L, ([A, B]). Then
| Deat 2, qam
- 1
Fe)(p=1)+17 (v+1)

(B_A)v—l-f—% )

(8.9)
Equivalently we have: For p,g > 1 : %+$ =1, 1—% <v <1, feAC*([A B)),
A,B €R, A < B. Assume D) }' f € L, ([A, B]). Then
'—(f (B)—f(A))—f’(A)‘

|25 f |y

Trmee-n+n7(vel)

(B — A"ty (8.10)

Therefore it holds

1255 1y

(B_A)U—H-%
Fe)(po=1+17 (v+1)

|/’ (A)|——|f(B) —f (A=

(8.11)
We also make

Remark 8.6. Let1—+ <v <1ip,g>1:5+, =1 f € AC*([A,b]),¥h > A.

Assume DVt f e L ([4, +00)) (thus D.F' € L, ([A,b])). Let A < a < b. Then
f € AC?([a, b]) and D:jlf € Ly ([a, +oo)) and DYtV e L, ([a,b)). Here

DU f(x) = / (x—0)"" f"(t)dr. (8.12)
If f”(t) > 0a.e., then
D,‘;jlf (x) > D' f (x) > 0,ae., forx > a.
Thus

00 > [ D fllg s voo) Z 1050 Ny pavoy 2 1257 f g0 ey

So it is not strange to suppose that

“Dv_Hf”q[a +o0) — ”DV_Hf”q[A +00) ’ (8.13)

Y a > A (it is obvious when v € N).
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We need
Remark 8.7. Leta,b € [A,+00), a < b. Then we obtain

1 ”D:jlf”L([ b)) IR
[f' @] = 5= &)= f @I+ S (b=
—a re)(pe-n+n7(v+l)
(8.14)
We also assume that || f || oo (4. 4+00) < O©-
Therefore
2 Dv+1f
@l <2 [!"j[;‘l*‘”’ - et Hq’[’"ﬁ"") ~b-a)
re)(pe-n+n7(v+l)
(8.15)
VYa,bel[A,+00),a <b.
The R.H.S. (8.15) depends only on b — a.
Therefore
+1
, 2|1/ lloo.14.4-00) | Dy f||q.[AA,+oo) y—141
“f “oo,[A,+oo) = b—a T : (b — a) P,
o) (pe-D+D7(v+1)
(8.16)
We may call t = b —a > 0. Thus
v+1
, 211/ lloo.4.+00) [253" /g 100 1+
|/ Hoo,[A,+oo) = + 1 0’ "
t ro)(pe-n+n7 (v+l)
(8.17)
Vite(,o0).
Notice that 0 < v — 1+ - < 1. Call
=2 ”f”oo,[A.—i—oo) )
_ Dv+1f
g = e Mﬁ” , (8.18)
re)(pe-n+n7(v+1)
both are positive, and
— 1
vVi=v—14+—, We(0,1)). (8.19)

p

We consider the function

~

ym=%+%7ze@my (8.20)
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The only critical number here is

~\ ~
~ Mo\ v+t
o = —_— s 8.21
’ (?9) (821

and ¥ has a global minimum at %o, which is

~

’}7(};)) _ ( o’ v+] @+ D7V (U-UH). (8.22)

Consequently, we derive

+1
7 (%) = |02 S giasoo :
1
ro)ee-1+17(v+l)
v—1+4 v—145
(Tf) 1 1Y o+l
X 21 loogason)\ 77/ v+ =) [v=—1+— . (8.23)
P p
We have proved that
U—l+%)
2 (v + l) < vty |
’ P
Hf Hoo,[A,+oo) = m —11 (8.24)
’ (r ) (+5)

v—1+ 1

(p(v—1)+ )T (”f”°°’“"+°°>)<v+l) (1223 1y o) €79

We have established the following L, result, left Caputo fractional Landau L,
inequality:

Theorem 8.8. Let p.g > 1: 4+ o =1, 1—4 <v <1 f e AC*([4,D]),
Vb > A. Suppose DL 1" f € Ly ([A. 400)) . | f lloo(t00) < 0. and

1257 F o oo = 125 F g4 40y (8.25)

Va> A. Then

(=)
2(1) + %) y

s 8.26
v—l—}-% (8:20)

1" sota o0y =
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1

(r (V))@ (p(v—1) + 1)@

S |
(||f||°°’[A’+°°))< " ) ' (”Dijlqu.[A,wo)) (+3)

We give
Corollary 8.9. Let p,g > 1 : %—I—é =11 —% <v <1, f e AC?([0,b]),
Vb > 0. Suppose D”+1f € L, ([0, 4+00)). ”f”oo,R+ < 00, and

105 gt < 1P g, (8.27)
VYa>0.Then
ey ()
2(v + l) v+
| o, = ﬁ : (8.28)
P
1

r (V))(”#)(p (v —1)+ )T

(||f||oo,R+)<u1+f"}7) (122 71,5 ) ©

We mention the case of p = g = 2.

Corollary 8.10. Let 3 < v < 1, f € AC?([0,b]), ¥b > 0. Assume D' f €
Ly(Ry), f € Lo (R+) and

1

=y

||Dv+1f”2[a +00) — ||DV+1f||2R+ (829)

VYa=>O0.Then

(8.30)

”f/Hoo,]RJr < (2Uv_—|—ll)(v+i)'
2

1

r (V))@ Qv — 1)@

-

(||f||oo,R+)(”+3

1

) (1255 Lo, ) ©4D
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When v = 1 we derive

Corollary 8.11. Let p,q > 1: é —i—é =1, f € AC?*([0,b]), Vb > 0. Assume
f" €Ly (Ry). f € Loo (Ry). Then

[/ oz, <@+ 17 (8.31)

(”f”"o»ﬂh)# ’ (“f”“qlh)# ’

We finish chapter with

Corollary 8.12. Let f € AC?([0,b]), Vb > 0. Suppose f" € L,(Ry), f €
Loo (Ry). Then

Wit

|/ o, = V6 (Ilflloo.uh)% - (||f”||2R+) : (8.32)
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Chapter 9
Right Caputo Fractional L ,-Landau-Type
Inequalities

We present right Caputo fractional [|-|| ,-Landau type inequalities, p € (1, co] with
applications on R_. This chapter is based on [4].

9.1 Introduction

Let p e [l,o0],I =Ryorl =R,and f : I — R be twice differentiable with
f.f" e L,(), then f' € L, (I). Moreover, there exists a constant C,, () > 0
independent of f', such that

171, < oA, 172, ©.1)

where ||-||, ; is the p-norm on the interval 7, see [1,5].
Development of these inequalities was initiated by E. Landau [13] in 1914. For
the case of p = oo he proved that

Coo (Ry) =2 and Coo (R) = V2 9.2)

are the best constants in (9.1).
In 1932, G.H. Hardy and J.E. Littlewood [10] proved (9.1) for p = 2, with the
best constants

G (Ry) = v/2,and G, (R) = 1. (9.3)

In 1935, G.H. Hardy, E. Landau, and J.E. Littlewood [11] showed that the best
constant C,, (R) in (9.1) satisfies

C,(Ry) <2,forp el o00), 9.4)

G.A. Anastassiou, Advances on Fractional Inequalities, SpringerBriefs in Mathematics, 93
DOI 10.1007/978-1-4614-0703-4_9, © George A. Anastassiou 2011
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which yields C,, (R) < 2 for p € [1, 00). Infact in [6] and [12], it was shown that
C,(R) < V2.

In this chapter we give fractional Landau inequalities with respect to [|-|| ,, p €
(1, o], involving the right Caputo fractional derivative.

9.2 Main Results

We need

Definition 9.1 ([7-9,14]). Let f € L, ([a,b]), @« > 0. The right Riemann—
Liouville fractional operator of order « is given by

o 1 b a—1
S ) = [ =0 as, ©.5)

V x € [a,b], where I is the gamma function. We set I,?_ := I (the identity
operator).

Definition 9.2 ([7-9,14]). Let f € AC” ([a,b]) (f"~V isin AC ([a,b])), m €
N, m = Ja], @ > 0 ([-] the ceiling of the number). We define the right Caputo
fractional derivative of order o > 0 by

Dﬁ_f(x):i/ (J —x)" L fm(ydJ, Yx<b. (9.6
Ifa = m €N, then
DiLf(x) = (=D"f" (x), Vxelab].
If x > b we define DY_f (x) = 0.

In particular we have

Definition 9.3. Let0 <« <1, f € AC ([A, B]) and define
Dy_f (x) = / (=0 £ () dJ. ©.7)
Remark 9.4. Let f' € AC ([A, B]),0 <« < 1,then [@ + 1] = 2 and

-1 B
Dy 1) = ey | =07

_ _( l) 2 (a+1)—=1 £ _ et
T re- (a+1))/( 17 d) ==DyT f (%),
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i.e.,
Dy_f' (x) = =Dgr' f (x) (9.8)
and hence
”D%—f/HOQ.[A,B] = ”D%t]f”oo,[A.B]' 9.9)

The focus is now on (—oco, B], B € R.
Leta <b < B,a,b e R.If f”(J) >0, a.e., then

] B —a 4
e ARG ULY

l b —o 1
> m/}l J=x)"f"(J)dJ =0, ae,

ie.,
DY f (x) > D¢t f (x) > 0, ae., forx <b. (9.10)
It holds therefore that
+1 +1
00 > ”D%— f”oo,(—oo,B] = H DZ— fHoo,(—oo.b] . (911)

It is reasonable then to suppose that
1952/ oo oo = 1252 S oo oo (9.12)

(it is obvious whena = 1), V b < B.

Remark 9.5. Let0 <o <1; B,a € R, with f € AC? ([a, B]), Va < B. Assume
D' f € Loo ((—00, B]), thus D4T' f € Loo([a, B]). Leta < b < B, then
f € AC?(la,b]), and D4T' f € Loo ((—00,b]) and D4 f € Loo ([a, b)) .

By Theorem 6 of [2], applied on f’, we obtain that

“ DZT : f H 00,[a,b]

e+ (b —a) (9.13)

£ 0] <5 1f )~ f @] +

_ 2 Noocoom |, 1252 S oo oo 0 —@)°

. 9.14
- b—a I'(x+2) ( )
where we also assume that || f'[| o6 (—c0. 5] < O°-
Setting t = b — a,
+1
||f/|| 2 ”f”oo,(—oo,B] HD%— f”oo,(—oo,B] -1 (9 15)
00.(—00.B] — t I'(x+2) ' .

Vite(0,o00).
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One now can prove easily that the R.H.S. (9.15) has a global minimum and find
it (see also [3]) with a usual calculus method.

We have established the following.

Theorem 9.6. Let 0 < o < 1; B,a € R, with f € AC? ([a, B]), Ya < B, where
B is fixed. Assume | f || oo (—00.8] < 9 D%"_'lf € Loo ((—00, B]) , and

[D52" flloe ooy = P51 9.16)

00,(—00,B] ’
Vb < B, then

a

(oc+l) 1
(I (@ +2)) @b . 9.17)

1 ey = e+ 0 (2)

a

P
(”f”"ov(—OO-B])(ﬁ]) ' (|| D%tlf”oo,(—oo.B])(aJ”) .

The case of B = 0 is given by the following Corollary.
Corollary 9.7. Let 0 < o < 1; f € AC?([a,0]), Y a < 0. Suppose that
1/ lloo s < 00. DG f € Loo (R-) . and

D5 Fll oo coomy = 1D67" f oo - (9-18)
Vb <0. Then

a

(1) 1

VA (a4 2) @ (9.19)

! < . %
|7 =@+ 0-(2)

a

s ) (105 1 )T

The case of @ = 1 is given by the following corollary.

Corollary 9.8. Let B,a € R, with f € AC?([a, B]), Ya < B, B is fixed. Assume
”f”oo(—oo,B] < o0, f// € LOO ((_OO’ B]) ’ then

=

17 socoom =2 I loocoom)® - (1 Ngcoom) - 920

Corollary 9.9. Let f € AC?([a,0]), Ya < 0. Suppose f, f" € Lo (R_). Then

1 oo =2 (1 o) (1) 021
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Remark 9.10. Let any a,b € (—o0o,B],a < b. Let p,g > 1 : %—i—é =1,

1— L <a<1,and f € AC?([a,b]). Assume also D""Hf € L, ([a, b]), then by
[2], Theorem 8, for f’ we get that

0(+1
1 f " o
[f' B = 5—1f 0)~f @]+ L (b—a)* 7
e r@pe-n+nr(e+1)
(9.22)
Suppose here
D5 F ooy = D5 F |4 ooy < 00 9.23)
Vb < B.
Therefore,
2 Da—tl
|f/ (b)| < ”fgoi,(—oo,B] + ” B f”q,(—oj.B] ] (b— a)a71+% ’
. r@pe-1+17 («+1)
(9.24)
Ya,b:a <b< B,where B is fixed.
Lett :=b —a > 0, then
Da+]
”f ||oo.(_oo,B] S 2||f||0:(_OO,B] + H f“q( OOB] ta_l_;’_%’

e (pa-10+ l)p (oc—i— %)
(9.25)
V1 € (0,00), where it is assumed that || f || s (—00.5) < 00

As before we have proved

Theorem 9.11. Let p,q > 1 : %jﬁ =1,1 —% <a <1, f e AC?([a, B)),
Ya < B. Assume D%t f € L, ((—o0, B]), ./ Nl oo.(—00.5) < 00, and

105 £l ooy = 1P5E 14 —oor (9.26)
V b < B, then
(a71+l)
e )\
” f, ”oo.(—oo.B] = ﬁ 9.27)

(I @) (p(@—1) + DT
a—l+% |

(I ||oo,<—oo,31)< “* ) D5 o) P




98

9 Right Caputo Fractional L,-Landau-Type Inequalities

The case of B = 0 is given by Corollary 9.12.

Corollary 9.12. Let p.q > 1~§+5= 1,1 -1

;<a=1lfe€ AC? ([a,0]),
VYa < 0. Suppose D”‘Hf e L, R, | flloor. < 00, and

1952 F g ooy = 1962 f g

(9.28)
Vb <0. Then
e\ 5T
2(a+ 1L oty
P — ﬁ : 9.29)

1

(r (0‘))W (p(a—1)+ )T

(Ilflloo,R)(a“i"})) (IDg= f e ) © :

P
The case for p = g = 2 follows.

Corollary 9.13. Let 1 < a <1, f € AC*([a.0]), Va < 0. Suppose D' f €
Ly (Ro), [ flloor_ < 00, and

1252 f ooy < 1252 o

(9.30)
¥ b <0, then
2+ 1\ (51)
e = (2257) .
2
1
(I' @) 9 (2o — 1@

(||f||oo,R_)(“+z) (HDg_“fuz,R_)(“l%).

The case a = 1 gives:

Corollary 9.14. Let p,q > 1 : % ;=L/f¢€ AC? ([a,0]), Ya < 0. Assume
f"eLy(R). f € Loo (R_). then

|/ on < @+ D)7 - (1 sz )7 - (e )™ ©3
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Finally, for p = ¢ = 2 we have

Corollary 9.15. Let f € AC?([a,0]), Ya < 0. Assume f" € Lr(R-), f €
Loo (R2), then

R

8.

10.

11.

12.

13.

14.

wol—
Wit

[ ooz = V8- (1f oo )* = (177 25) " 933)
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Chapter 10
Mixed Caputo Fractional L,-Landau-Type
Inequalities

Here we give mixed Caputo fractional || - || ,-Landau type inequalities, p € (1, oq]
with applications on R. This chapter relies on [5].

10.1 Introduction

Let p € [1,00], Il =Ry orl = Rand f : I — Ris twice differentiable with
S f" e L,(I), then f’ € L,(I). Moreover, there exists a constant C,(I) > 0
independent of f, such that

1 1
L pr = Co(DILI S0 (10.1)

where ||.|| 5,7 is the p-norm on the interval /, see [1,6].
The research on these inequalities started by E. Landau [15] in 1914. For the case
of p = oo he proved that

Coo(Ry) =2 and Coo(R) =2 (10.2)

are the best constants in (10.1).
In 1932, G. H. Hardy and J. E. Littlewood [12] proved (10.1) for p = 2, with the
best constants
G(Ry) =+2 and C(R) = 1. (10.3)

In 1935, G. H. Hardy, E. Landau, and J. E. Littlewood [13] showed that the best
constant C,(R4) in (10.1) satisfies the estimate

C,(Ry) <2, for pell,00), (10.4)

which yields C,(R) < 2 for p € [1, 00).
In fact, in [8] and [14] it was shown that C,(R) < V2.

G.A. Anastassiou, Advances on Fractional Inequalities, SpringerBriefs in Mathematics, 101
DOI 10.1007/978-1-4614-0703-4_10, © George A. Anastassiou 2011



102 10 Mixed Caputo Fractional L,-Landau-Type Inequalities

In this chapter we prove mixed fractional Landau inequalities with respect to
[I -1, p € (1,00], involving the right and left Caputo fractional derivatives.

10.2 Main Results

We need (see [9-11, 16])

Definition 10.1. Let f € AC"™([a, b]) (space of functions from [a, b] into R with
m — 1 derivative absolutely continuous function on [a,b]), m € N, where m =
[a], @ > 0 (].] the ceiling of the number).

We define the right Caputo fractional derivative of order « > 0 by

_1\m b
Dy ) = pots [0 o a0

We set D))_ f(x) = f(x), Vx € [a,b].

Remark 10.2. Let f € AC™([a,b]), m = [a], witha > Othen f "~V e AC([a, b)),
which implies that f” exists a.e. on [a, b] and that f™ € L([a, b]).

Consequently, if f € AC™([a,b]), then Dj_ f(x) exists a.e. on [a,b] and
Dy_ f € Li([a,b]), see [7], p. 13.
Observe that when o = m € N, then

DI f(x) = (=" f"™(x), Vx € [a,b]. (10.6)
If x > b we define Dy f(x) = 0.

We also need

Definition 10.3 ([7], p. 38). Let f € AC"([a,b]), m € N, where m = [a],
o > 0. We define the left Caputo fractional derivative of order o > 0, by

D3, f(x) = F; / -0t P, (10.7)

(m —a)

Vx € [a,b]. We set DY, f(x) = f(x), Vx € [a,b].
Again here D§, f exists a.e. on [a,b] and D§, f € L ([a, b]), see [7], pp. 13 and
37-38. When ¢ = m € N then

D™ f(x) = f"(x), Vx €la,b]. (10.8)

a

If x < o we define D§, f(x) = 0.
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‘We make

Remark 10.4. Leta >0, m = [a],a ¢ Nand f € AC"([a, b]) with x¢ € [a, b].
Then

)= / € — 0" F@)dE. Vx <xo,  (109)
DS _f(x) =0, Vx> xo;

and

Diu f(¥) = o —— / (x =)™ @), Vx>=xp,  (10.10)
DS f(x) =0, Vx<xo.

Suppose first £ € C°°(R) and of compact support [4, B]; A < B. Then f™
is of support in [4, B]. Hence possibly DY , f(x) # 0 only for xo, x € [4, B], i.e.,
only [4, B] counts.

We proved earlier that DY, , f(x) is jointly continuous on [4, BJ?, see [3], so that

sup || DY . f lloor < oc. In particular sup || D . f||o.[x.+00) < 00
X,ER Xo,€ER
Totally similar we have for this case that sup [ D _ f'[|oo.(~c0.x] < +00.
X,€ER
We also make

Remark 10.5. Let x > xo, x,xo € R. We want to prove that

X eit
/ dr (10.11)

o VX —1

is uniformly bounded for all x, xo € R, x > x,.

We call u := x — ¢, then

X—X0 el(X u)
[, 7= s [ 2
x—t 0 x/—

1li b odw =
= [calling w:=u2,2dw =
g 7

. X—X0 .
= 2e” / e ™ dw (the Fresnel integral)
0

(assume first x — xp > 1)

. o NN
= 2e" / e dw+/ e ™dw]|. (10.12)
0 1
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In the last e'* and fol e~ dw are bounded.

Call ¢ := . /x—x> 1.

So, it is enough to bound

|2 ¥ —iw?
/ e dy =/ Y dw = (%) (10.13)
1 1 w
We observe that .
de ™" 02
= e W (2]
T e " (=2iw)
and '
d —1wW .
_ e udw. (10.14)
2i
So that
1 [V de™ 171 v (]
(x) = —= L o | e —/ e™d |~
2i Jy w 2i | w 1 1 w
1{rr : v ogin?
=~ || e +/ C _dw|. (10.15)
2i '(// 1 w?
In the last expression (%e_iw2 - e_i> is bounded.
We further see that
Ve Vd v oy 1
/e dwf/ —Wz/ wildw=——| =—| =1——=<1,
. w2 L w2 1 wip o owly w
(10.16)
with (1—1) > 0.
Hence the last integral is bounded.
If ./x —xo9 <1, we observe that
x=xo Vrexooo
/ e ™dw| < / le™ |dw = /x —x0 < 1, (10.17)
0 0

a bounded integral.
Hence integral (10.11) is uniformly bounded for all x, xo € R, x > x,.
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Conclusion 10.6 The integrals

X X

sin ¢ cost

—dl, -
X0 \/x_t X0 \/x_t

are uniformly bounded for all x,xo € R, x > Xxy.

dr (10.18)

Explanation: We observe that

/ Cost+1smtd[=( XLStdt) ( * sint dt)
«/xT v Vx—t v VX —1 Vx—t
(10.19)
That is,

+o00 >

_ ( " _cost dt)2+( ©_sint dt)2 (10.20)
B xo VX —1 xo VX —1 )

X

X eil
/ a
X0 X —1

cost * sint

—dt -
X0 \/-x_t X0 \/x_t

Similarly, for sin Az, cos B¢, and their linear combinations, etc.

dr|. (10.21)

Conclusion 10.7 We demonstrated one more reason that it makes sense to suppose
fora > 0 that

sup [[ DT _ floo.(—coxe) < +00,  sup || D, flloo.xg.400) < +00.  (10.22)

x,€R X,€R
‘We now make

Remark 10.8. So we can suppose that there are big classes of functions f such that

sup ||D*x0f||oo,[xo.+oo) < +o00, sup ”on—fHoo,(—oo,xo] < 4o00. (10.23)

x,€R Xo

So,for0 <a <1, m = 1 we treat f € AC([a, b]), V|[a,b] C R. Then by [4],
Theorem 6 and by [2], Theorem 26.8, p. 618 we derive

b
[ s o)

“Te+2 ma"%”on—flloo[a ol ||D*x0f||oo,[x0.b]} “b—-a)®  (10.24)
1
= —F(a ) max% Slép ||Dx0—f||oo( 00, vo],;llep ”on*fHoo[xo +oo)} - (b—a).

(10.25)
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Next assume f € AC?([a,b]), Y]a.b] € R and assume || f||cor < 00, along
with

sup ||D*x0 S loo.fxo.4+00) < 00, SuP ||Dx0—f||00( 00,xg] < Q.
X,€ER Xo€

Hence it holds

b
[ ar - £

< g | 30 15 oot S0 105, o o0 - (b=
(10.26)
Equivalently, it holds
1 1
o)l = 1)~ f@] < | (£B) ~ fl@) ~ £
b—a b—a

1 o o

< Tz ™| S D5 oo 52 1DZE o oo - (5 ="
(10.27)

Consequently,

| £/ (x0)] = _”f”oo]R

~—b-— I'le+2)
max ¢ sup || D5 f []oo.— sup || DLE £1| “(b—a)
1% xo— 00,(—00,x9]» SUP Xo* 00,[x0,+00) :
X, €ER Xo€ER
(10.28)
So that
2] flloo.r

! < 7 %R

1f ooz = S22
max | sup 1157l et 509 (IS oo oo
+ X € Xo€ER . (b . a)a
I'a+2) '
(10.29)
The R.H.S. of (10.29) depends only on # := b —a > 0, that ¢ can be anything
positive.

Thus

max 3 sup [[DEF! f]oo - sup || D £

p xo— J lloo,(=o0,x], SUP X%k 00,[x0,+00)
X, €ER x,€R o

+ -t%, Vi>0.

I'a+2)
(10.30)
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We call
M :=2|[flloor > 0,

max § sup || DG f oo (—ooxols SUP DS 1 [loo fxo.400)
x,€R X, €R

6= 0. (10.31
I+ 2) > 0. (10.3D)

Hence

! M o
||f||oo,R§T+91 ., Vi>0. (10.32)
Set
M

y(t) = —+ 01%, Vit>0. (10.33)

Using basic calculus the function y(¢) has a global minimum which is

y(to) 1= (OM®)etT - (@ + 1) - a1, (10.34)

Therefore, we have proved that

1 loo.r
a+1
max } sup || DS floo,—oo.mls SUP (DL f lloo.tvo.+00) (2911 f Moo
Xo€ X0 €
<
- I'a+2)
(o + 1o o .
Do~ ot (10.35)

We have established the following mixed fractional Landau inequality with
respect to ||.||oo norm.

Theorem 10.9. Let 0 < o < 1, f € AC*([a,b]), a < b, VY[a,b] C R. Assume

|1/ lloor < 00 and sup || DEE! f oo fxo.+00) < 00, sUp [[DEE! f oo, (—o0.x0) < 00.
Xo€R X, €R
Then

) 2\ @t —aF at
1 Moz = @+ 1) (2)7 - (r@+2) ™ (11l

aF1
: (max{ sup DL f 100, (—00,x1- sup 1D f ||oo,[x0,+oo)}) . (10.36)
Xo€ Xp€
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When o = 1, we obtain

Corollary 10.10. Let f € AC?*([a.b]), Y[a,b] € R. Suppose || f|lcor < o0,
[1f"loor < 00. Then

1 Moo <2+ VI flloor - 11" lloor- (10.37)

We continue with

Remark 10.11. Let p, g >1 : % + é = 1.If f € C*°(R) and of compact support
[A, B], then as we saw earlier, it only counts xo, x € [4, B] for having

D3 f(x)#0 and 67 :=||DS, f()looanp < 00

Thus

1

B q
1D%,, 1) = (/ |D$x0f(x)!qu) < (B—A)7-6% < o0, Vo € [4. B].
A

(10.38)
Hence
Su[]l)gHszOfHLq([Xo’—i_oo)) < oQ. (10.39)
Xo€
Similarly, we obtain
”Dgo_fHLq((—oo.xo]) < 00, (1040)

for the above case; similarly for trigonometric polynomials, etc. So, we can assume
f that

Su%||D3x0f||Lq<[xo.+oo» < o0

Xo€

and
sup ||Dz0_f||Lq((—oo,xo]) < o0 (10.41)
X, €ER

is valid for large classes of functions f.

Remark 10.12. Let p, q > 1 : §+§ =1,1 —% <a <1, f e AC%a,b)),
Y [a,b] € R. Suppose || f|locor < 00, Xo € [a,b] and

+1 .
Su% ||D,‘\)’{0— f||Lq((—OO,X0]) < o0
€

Xo

1
sup [ D& 1Ly (o +00)) < 00.
XoER
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109
Then by [4], Theorem 8 and by [2] Theorem 26.10, p. 620 we obtain that

oy < 2 leex

1
b—a

r@lpe—+ 15 (a+ 1)

_1
maX% sup || DL 112, ((—o0.x0)» SUP IIDi‘;Olflqu([xo,Jroo»} (b—a)*7. (10.42)
Xo,€ER X, €ER

Hence

2|[f oo
[1f oo = =

t
max 3 sup [[DEE fllL, - sup || D /]
p X0— Lq(( 00,%0]) s p *X( Lq([X0v+°°))
Xo€R X,€R
+ . 1
') [pla—1)+1]r (ot + ;)

%70, Vi€ (0,00). (10.43)

Similarly as before we get

al

9
2 (oz + %) “ty
11/ oo <

wl
1
- .

- — (11117
(F(@)“"7 [pla— 1) + 1]@F

q

Rl

*X0

1
+1 +1 “+7
max{ up 11D £ (—oo0)- sup || D f||Lq<[x0.+oo>>} (10.44)
x,€ER X, €ER

We have established the mixed fractional L ,-Landau inequality.
Theorem 10.13. Let p, g > 1

%"*'cl, = 1,% <a <1, f € AC*([a,b)),
Y la,b] C R. Assume || f|lcor < 00 and

1 .
sup || D5 f 1Ly ((—oog)) < 003
X,€ER

1
sup ([ D 1Ly (o400 < 00
Xo€R

Then

1
1 .

-(||f||oo.R)“”’-

(F'@)“7 [pla — 1) + 1]aF

Rl

*X(
Xo €

1

at

. (max% su%||ch‘0t1f||Lq((_oo’x0]), su%||Da+1f||Lq([x0,+oo))}) (10.45)
Xo€
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Corollary 10.14. Let 1 < o < 1, f € AC*([a,b]),V [a,b] € R. Assume

[ f1loor < 00 and

a+1

sup || DY [l Ly ((—o0.x]) < 00

x,€R

sup || DEEY f 1] Lyt 4-00)) < 0.

X, €ER
Then
0(—%1 a_%
20{ + 1 Dt+§ 1 0(+l
||f/||oo.R§(a_l) . — ) '(||f||oo,R) =
2 (I (@) F2 (20 — 1) %=1
1
+1 +1 “+
X max% sup || DY fllLy((—ooxo)» SUP [| D5 f||L2([Xo.+°0))} :
X, €ER Xo€ER
(10.46)

Corollary 10.15. Let p, g > 1 : 5 + 2 =1, f € AC*([a,b]),V [a,b] € R.
Suppose that || f ||cor < 00, || f"|IL, ) < 00. Then

/ # # " #
||f||oo,Rs(z<p+1>) -(||f||oo,R) -(llf ||L‘,<R>) (1047)

We finish chapter with

Corollary 10.16. Let [ € ACZ([a,b]),V[a,b] C R. Assume || flloor < 00,
||f//||L2(]R) < 00. Then

1 2
3

1 oo < V6 (||f||oo,R)' - (||f"||L2<R>)" . (10.48)
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Chapter 11
Multivariate Caputo Fractional Landau
Inequalities

Here we give multivariate left Caputo fractional L ,-Landau-type inequalities, p €
(1, o] with applications on R¥, N > 1. This chapter is based on [5].

11.1 Introduction

Let p € [1,00], Il =Ry orl = Rand f : I — Ris twice differentiable with
L f" e L,(I), then f’ € L,(I). Moreover, there exists a constant C,(I) > 0
independent of f, such that

L pa = Co(ILLI AL (11.1)

where ||.|| 5,7 is the p-norm on the interval 7, see [1, 6].
The research on these inequalities started by E. Landau [12] in 1914. For the case
of p = oo he proved that

Coo(Ry) =2 and Coo(R) = /2 (11.2)

are the best constants in (11.1).
In 1932, G. H. Hardy and J. E. Littlewood [9] proved (11.1) for p = 2, with the
best constants

G([R4)=+2 and GC(R) = 1. (11.3)

In 1935, G. H. Hardy, E. Landau, and J. E. Littlewood [10] showed that the best
constant C,(R4) in (11.1) satisfies the estimate

C,(Ry) <2, for pell,00), (11.4)
which yields C,(R) < 2 for p € [1, 00).

G.A. Anastassiou, Advances on Fractional Inequalities, SpringerBriefs in Mathematics, 113
DOI 10.1007/978-1-4614-0703-4_11, © George A. Anastassiou 2011
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In fact, in [8] and [11], it was shown that C,(R) < /2.
In this chapter we prove multivariate fractional Landau inequalities with respect
to [[.]|,. p € (1, 00], involving the left Caputo fractional radial derivative.

11.2 Main Results

We need

Definition 11.1. ([7], p. 38) Let f € AC"([a,b]), m € N (ie., f™" D ¢
AC([a, b])),where m = [a], « > 0, ([.] the ceiling of the number). We define
the left Caputo fractional derivative of order o > 0 by

o _ 1 ! _ pm—a—1 r(m)
DLS() = s [ =01y

V x € [a,b]. We set DY, f(x) = f(x), Vx € [a,b].
Here D, f exists a.e. on [a,b] and D§, f € Li([a,b]), see [7], pp. 13 and
37-38. When @ = m € N, then

DL f(x) = f"(x), Vx € [a,b].
If x < a we define D, f(x) = 0.

We make
Remark 11.2. Here we follow [13], pp. 149-150.
For x € RY — {0}, N > 1, we can write uniquely x = rw, r = |x| > 0,

w=2x/r €SV |w| = 1. Clearly
RY — {0} = (0,00) x S¥7!,  where S¥!':={xeR":|x| =1}

Let A > 0, we consider
B(0,4) := {x e RY : |x| < A} € R", |x|— Euclidean norm of x € R".
We consider
RY — B(0, A) = [A, +00) x SV! (11.6)

on which we establish Landau fractional inequalities. We need to define the left
Caputo radial fractional derivative for our case, see also [2], p. 421.

Definition 11.3. Let f/ : RY— B(0, A) — R, v > 0, m:= [v], such that f(-w) €
AC™([A,b]), Vb > A, for all w € SN~!. We call the left Caputo radial fractional
derivative the following function

8:Af(x) e 1 ' _ ym—v—1 amf(tw)
o F(m_v)/A (r—1) A, (11.7)

where x € RY — B(0, A), thatis, x = rw,r € [A4,00),w € SN
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Clearly
39, f(x
’
0/ ) _ w0 g e (11.9)
orv ar

The above function (11.7) exists almost everywhere for x € RY — B(0, A), see
[2], p. 422.
We make

Remark 11.4. Let0 <v < 1; A > 0be fixed, with f(-w) € ACZ([A,b]), Vb > A,
Vwe SN-T, Suppose ”f”oo’RN_B(O,A) < 00,
Nk S
arvtl

< 00
00, RN —B(0.4)

and

1D f(Wlloofatoo) < 1IDLE f(W)lloofaton), Ya= A Vwe SV

(11.10)
Then, by Theorem 8 of [3], we obtain that
) 2\ 7T —
1 @lleiaeo < 0+ 1) (2) 7 (1o +2)
1
7 vt1 v
X(I1f (W)lloofa+00) "FT -(IID*A f('w)||oo,[A,+oo))
2 UVT _v#]»l v
S(@w+1 (;) : (F(V + 2)) (11 f oo RN —B(0.4)) "
1
av-i—l v+1
. *A+{ H =: 0. (11.11)
ar” 00,RN —B(0,4)
Hence 5
”—f <. (11.12)
ar 00, RN —B(0,4)

We have proved the multivariate fractional Landau inequality.

Theorem 11.5. Let 0 < v < 1; A > 0 be fixed, with f(-w) € AC*([A,b]), Vb >
A, ¥ we SN Suppose || f oo rV—p(0.4) < OO,

v+1
8*,4
Jrv+l

< 00
00, RN —B(0.4)
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and
DL F(Wllooatoo) < IDLE f(W)llosatoo). Ya = A ¥we SV
(11.13)
Then
v 1
d 2\ v TvFn
”—f <@Ww+1) (—) -(F(v—i—Z))
ar 00.RN —B(0,4) v
N 8v+l v-}rl
X (||f|| RV—Bo.4) T ’ - .
oo o) 't o mV—B(o.4)

(11.14)

We give when v = 1,

Corollary 11.6. Let A > 0 fived, with f(w) € ACX(A,b]), Vb > A Yw €
SN=L Suppose || f|loorN¥—p0.4) < 00

32f H <o
00.RN —B(0.4)
Then
af 02 f
1z <2 1S oo | 55 (115
T |l oo, RN —B(0,4) 7" |l oo RN —B(0.4)
We make

Remark 11.7. All entities here are assumed to make sense and to be well-defined.
We see that (¢ > 1):

+o00
| D2 £ W)”q[A o) /A |DVH f(rw)|” dr

+
:/ DU few)|T PN e (11L16)
A

(see r > Aimplies r'=4 < A"V N > 1).

Hence it holds

[ D2 SO 4 ey = A‘N/A DA w17
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Observe that
dw N
s 1, wh 2> (11.18)
=1, where w, = . .
Wy (%)
Therefore we find
ll
|ppt e P
q.[A.+00)

1=N, 1 +oo ’: ﬁ
<A( ey (/ !Dijlf(rw)!"-rN“dr) (+) (11.19)
A

1

(r) D) - (pw —1) + nFe

(\)—1"‘117)
CV:Z(Z(H};)) ) ! o (11.20)

So here we have p, g > 1 : %—}—é = l,withl—% <v <1, f(w) €
AC?([A,B]), Vb > A,¥Yw e SN~!, A > 0is fixed.
Assume D f(w) € L,([A,+00)), Vwe SN, [/ oo RN —B(0.4) < 00 and

||D:;1f(.W)Hq,[ay+oo) < | DL f(w) ”q,[A,—i—oo)’V a>A, Ywe SVl (11.21)

Hence by Theorem 8 of [4] and (11.19), we derive

().

|/ (W)||oo,ia,400) < Cv - A

v—145 Lo ; vll
-(||f(-w)||oo,[A,+oo>)( "+ )-( /A DY f(rw)|f -rN—ldr) ¢ 1.2

We call

B,i=c,-A "), (11.23)
and

(=)
Yo =By (I1f llorv—po.4) " "7 7. (11.24)
Therefore

I1f (W)loo.[4.400) < (11.25)
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\/—H-%

+o00 e %
ﬂv-(||f(-w)||oo,m,+oo>)(v+é)~(/A DY frw)|” - Nldr)(+)

1

<7, (/; |D“+1f(rw)|q-rN_ldr)q(H;) . (11.26)

That is, we proved

1

oo q a(++3)
|/ (rw) Syv-(/ |DUE Frw)| -rN—'dr) : (11.27)
A
Vr e [A, +00), Vwe SN-L
Call
bl
8, = y‘:( ), (11.28)
Then by (11.27) we obtain
vl +o0o
|f’(rw)|q(+p)§5v-(/ DI f (rw)|q-rN_1dr), (11.29)
4
Vr €A, +o0), Ywe SN
Therefore
1 +o0
/If/(rW)lq(+p)dWE5u'< [(] |Dijlf(rw)|q'r'v_ldr)dw)
SN—1 SN—1
(11.30)
8u+1
=35, - / : {(lx) dx. (11.31)
r\)
RN —B(0.4)
Consequently we derive
7 . \¢
b 1)\ 4 1 au+l
[ (1o Y ar) <ot [ [ B e
arv+1
sN=1 RN —B(0,4)
(11.32)
1 av+1
= ((SU)" 8*/:’*‘{ (11.33)
r ¢ RN —B(0.4)
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Therefore it holds

v L 1 au-i—l
H (f’(r-))( *7) ACHE Uf: : (11.34)
q’stl Br q.]RN—B(O,A)
Vr € [A, +00).
Hence we get
0 (+3) 1| gt
M(—f ) =605 .
or (g.SN—1 w) Il (00,[A4,+00),r) or q.RN —B(0.4)
(11.35)

Notice that

6" = )9
= B (1 lloomv—son) )

AT (Cu)(”%) : (||f||oo,RN—B(0,A))(U_1+%)

)("—‘+%)‘

g I 1 (||f||oo N _ B0,
(V) : (p(v — 1) + 1)(”+;)/(pv+]) RN —B(0,4)
(11.36)

We have proved the following multivariate L , fractional Landau inequality.

Theorem 11.8. Let p,qg > 1 : %—}—l = 1, withé < v <1 f(w) €
AC?([A,b]), Vb > A, A > 0 fixed, Ywe SV,
Assume that D“'Hf( W) € Ly([A, +00)), Vw e SN £ oo mN —B(0,4) < 00

and

|23 SOy aroy < NPT SO gy ¥ @ Z A Y w € ST (1137)
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)™

(g.SN~Lw) Il (00,[4.+00).r)
A% 2(u+i) (”_H%)
< — .| =2—rL . 1 .
- I'(v) v—1+ (+1)
(p(v — 1) + D0
v—H—i) au+1f
% (1 lloozv—p0.) "7 -‘ (1138)
( 00 ( )) 9 vt BV —BOA)

It follows the p = g = 2 case.

Corollary 11.9. Let 3 < v < 1, f(w) € AC?([A.D]), ¥b > A, A > O fixed,
Vwe SN

Suppose that DY} f(w) € Ly([A, +00)), Yw € S¥7U || £l oo m¥—B0.4) < 00
and

D5 £y = DI 0y ¥ 02 4. ¥ 571139

Then
(V+%)
—( )
(2.5¥=1Lw) Il (00,[A,+00).r)
520\ 1
=< T . 1
F(v) V=3 (+3)
(2v — 1) &FD
b1 av+1
X (||f||oo,RN—B(o.A))( ). ‘ ﬁ (11.40)
r 2.RN —B(0,4)

We finish chapter with the p = g =2, v = 1 case.

Corollary 11.10. Let f(-w) € AC*([A,b]), Vb > A, A > O fixed Y w € SN,
Assume that f"(-w) € Ly([A, +00)), Vw € SV and || f||oo m¥—p(0.4) < 00 .

Then
9 1.5
(—f (r w))
ar
(00,[A,+00),r)

= (4) - (V6) - I flloerr—so.n -

2,SN=1w)

(11.41)
2, RN —B(0,4)
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